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ABSTRACT 
The purpose of the present study is to suggest the use of 
cognitive approaches and procedures for designing a paper-and-
pencil test, with the goal of assessing mathematical 
understand.! ng . Based on the cognitive science framework, this 
study proposes a model for assessing conceptual understanding . 
It, includes three phases of study : (1) selecting expert 
subjects and novice subjects (three in each group)； (2) 
constructing the knowledge representations of the subjects as 
inferred from the protocol evidence of task-based interviews 
(by means of think-aloud procedures )； and (3) designing a 
paper-and—pencil test for assessing students
1
 understanding 
based on the information of their knowledge structures. 
i 
By the end of the second phase of the study, numerous 
misconcepti ons ( in the domain of coordinate geometry) which 
con Id not be easily revealed in ordinary tests have been 
identified. For instance, the findings show that the novice 
subjects have experienced difficulty in judging whether two 
line segments are parallel as they are cutting across two 
different axes in the x-y plane. A plausible source of 
this kind of difficulty may come from the students， partial 
—i i i -
knowledge of some basic geometric properties (such as 
"corresponding angles" ) with which the inference was made on 
七he problem、situation. Other misconceptions were also 
identified in the concept areas such as "slopes"， 
“intercepts" , and "point coordinates". 
In the final stage of the study, a paper-and-penc il test has 
been designed to test students' understanding in the concept 
domains under investigation. The scoring patterns of some of 
the students' erroneous responses suggest that they have 
simjlar kinds of misconceptions as identified from the 
protocol evidence. In this study , the reliability coefficient 
was computed and was found to be reasonably high (Cronbach 
alpha = 0.97). The evidence for construct- and content-
validation was also discussed. 
The findings in this study bear significant instructional 
i 
implications. The novice knowledge representation could be 
used for the diagnostic purpose in providing the necessary 
remediation for helping students rectify their misconceptions . 
In turn, diagnostic assessment improves 七 he instructional 
effectiveness. 
After* all , due 七o the limitation of considerable time 
consumption in cognitive research, the procedures involved in 
the model of the test construction as suggested in the present 
一 i. v — 
study might not be very practical to be vised within single 
classrooms by ind i vi dual teachers . However, this study is 
addressed primarily to teachers and researchers who would 
collaborate with each other in designing authentic paper-and-
penc i1 t ests for assessi ng mathematica1 understanding . And 
[indeed, the cost of designing this kind of test is justified 
if the t e s t s can be put into a more extensive use in 
identifying students
5
 learning deficits and in suggesting 
improvements for instructional contents. 
. . . . . . I ..: 
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CHAPTER 1 
INTRODUCTION 
1.1 BACKGROUND OF THE STUDY 
It is a common belief in mathematics education that 
mathematical understanding ， d i f f e r i n g from rote memorization 
of mathematical knowledge , is essential. Conventionally, the 
degree of students' understanding of mathematical knowledge is 
interpreted from the scores on tests in the form of multiple-
choice questions as well as other typical paper-and-pencil 
test、on mathematical skills. But how well do these 
conventional tests define the nature of the mathematics that 
i 
students, actually learn in the mathematics lessons? And to 
what extent can the test scores reflect a true understanding 
of mathematical knowledge? 
R e c e n t studies have shown that there is a mismatch between 
what students were taught and what they were tested on (Kulm, 
1986). A review of scores in the United States from state, 
national, as well as international tests has revealed that 
students' performance is ' a reflection of the degree of 
-1 -
familiarity with t he contents of the testing items. Even when 
tests can fiil fi.丨 aU the requirements for rel iabi 1 i.ty , norms , 
and validity from the point, of measurement theory, the 
question of how valid they are in assessing' students' real 
understand.i ng of ma themat. i c a .1 knowledge remains as a challenge 
to mathemnt i cs educators. 
Firr'thermore, orr] inarv assessment methods in many subject 
areas, particularly in mathematics and science , reveal merely 
s tnden ts ' superfic ial understanding rather than their 
underlying conceptual understanding. Carpenter ( 1.985) has 
d e m o ri s t r a ted t h a t c h i 1 d r e n ' s c o n c e p t u a .1 understand i ng of using 
objects and counting strategies to solve real problems was 
.underest imated in an ordinary paper-and-penc i1 test of 
arithmetic facts, but could be revealed during interviews. 
And indeed , the inadequacy of using traditional tests to 
reflect students' conceptual understanding of mathematical 
I 
knowledge has raised serious issues of mathematics assessment. 
1.2 PURPOSE AND SIGNIFICANCE OF THE STUDY 
The present study aims to provide a feasible working scheme 
for designing h.igh-qnali ty test papers for assessing students ' 
mathematical understanding through an expert-novice study of 
-.2 -
students' mental representations of conceptual knowledge in a 
topic, at secondary-school level. 
In this study, the topic of c o o r d i n a t e geometry was chosen 
as a domain of investi gation for three reasons: 
1. The analytical thinking of geometrical properties 
through the use of coordinates provides an essential 
prerequisite basis towards the understanding of other 
advanced mathematical topi cs, such as calculus. 
2 . It is considered to be a difficult topic for students to 
1 earn and for teachers to teach. It appears that the 
combination of both algebra and geometry concepts 
contributes to the complexity of problems in the topic. 
3. The research studies dealing, in problem situations of 
analytic geometry are extremely lacking (Hershkowitz, 
1990 ). 
The expectati-ons of the study are three-fold as follows : 
1. At a theoretical level, to provide descriptions of the 
mental models held by students for conceptual knowledge 
in coordinate geometry. 
-.3 -
2. At a methodological level, to provide a feasible scheme 
for designing, test papers of higher quality to assess 
students，conceptual understanding . 
3. At a practical level , to provide a rich description of 
students' difficulties and misconceptions found in 
solving mathematical problems. Such a description is 
helpful to teachers, textbook authors, and curriculum 
developers, in sharing the goal of improving the quality 




REVIEW OF LITERATURE 
The purpose of this chapter is to discuss the implications 
of some recent advances in cognitive science for mathematics 
education. These advances suggest not only the approach 
towards understanding schoolchildren's acquisition of 
uiathematica丄 concepts bvit also new ways to assess students5 
performance in solving mathematical problems. 
The chapter is divided into four sections. The first 
section presents an overview of some recent research in the 
areas of cognitive psychology, computer science, and 
j 
artificial intelligence, which have thrown light upon our 
epistemological viewpoints aimed at improving the quality of 
mathematics education. This section also contrasts the 
cognitive science approach with more traditional aspects of 
the learning and teaching mathematics. Besides, this section 
includes a brief discussion of recent cognitive studies of 
mathematical concepts . 
-.5 -
The second section defines the nature of mental models. 
Recent studies have already suggested some instructional 
applications such as in helping learners construct mental 
models to facilitate their learning of conceptual information. 
And studies investigating knowledge structures with the use of 
mental model s in some prob.1.em-solving situations will also be 
discussed . 
The third section delineates the expert-novice differences 
in knowledge representation. The studies on these 
discrepancies unfold the mental process, that hopefully 
provide ns some clues towards modeling experts' performance of 
some cognitive tasks such as in solving mathematical problems. 
Based on the belief that students inevitably perform 
construction of their own conceptual knowledge, the final 
section discusses some alternatives in mathematics assessment. 
This section also suggests new ways of assessing mathematical 
a: ； ' I 
understanding , which acts as an essential means of encouraging 
students to acquire conceptual knowledge rather than 





 i^KSEARCH IN MATHEMATICS EDUCATION : 
A COGNITIVE SCIENCE PERSPECTIVE 
\ 
E v e r s i n c e t h e
 decline of behaviorism (under which much 
emphases of mathematics instructional practice has been put on 
the mechanical drill of instructional programs ), there has 
been a. major shift in the direction of research on students, 
learning and thinking . The emergence of new cognitive science 
research paradigm provides insight into students' process of 
learning mathematical concepts and skills. The 1970s saw new 
approaches to the study of human thinking -- information 
processing (Lachman, Lachman, & Butterfield, 1979； Simon, 
19 7 9a) . Rather than build .ing their theories on simple 
laboratory tasks as the behaviorists did, researchers, based 
on the theory of information processing, have been concerned 
with more complex cognitive operations. This has made it an 
ideal approach for studying mathematics . learning, and the 
I ‘ 
research focus has been directed towards the process o f 
acquiring basic mathematical concepts and skills. This 
section is further divided into three subsections. 
The first subsection presents some cognitive science 
research, which is considered to be relevant to the recent 
advance in the research area of mathematics education. The 
second subsection discusses some issues that have caused 
concerns to our mathematics educators as well as some research 
studies related to the issues. 
- 7 -
• • 
The third subsection presents some recent studies of 
mathematical concepts, which further our understanding towards 
the complex nature of the process of students' concept 
acquisitions . 
' H I ISSUES IN MATHEMATICS EDUCATION 
There is a belief, well-accepted by most schoolchildren, 
that competence in mathematics is essential for them to 
survive in climbing up the academic ladder, and such 
competence can only be achieved through the constant practice 
of vast amounts of mathematical problems. As a consequence of 
this kind of belief， a large number of students rely heavily 
upon the use of rote-learned mathematical rules and algorithms 
in doing mathematical tasks. What can have caused students to 
~ I 
develop such a belief, and what is the nature of mathematics 
education that mi ght play a role in shaping students' 
mathematical behaviors? 
THE ISSUE : PROBLEMS IN LEARNING MATHEMATICS 
Understand ing is the key word in mathematics education (See 
Cockcroft, 1982; National Council of Teachers of Mathematics 
-.8 -
[NCTM ] , 198 9). Kowpvpt f ^^  4 u 
nowcver, teaching mathematics for 
understanding is no easy task. 
As described by Larkin (1981), mathematics is a domain 
"involving a considerable amount of rich semantic knowledge, 
but characterized by a set of principles logically sufficient 
to solve problems in the domain" (p.311). And this 
description unfolds the complex nature of mathematical 
knowledge . In the pursuit of mathematical understanding it is 
essentia 1 for students not just to know how to proceed in 
doing procedural manipulations but above all to make sense of 
such kinds of manipulations. 
In clarifying the nature of mathematical knowledge a bit 
further, Hiebert and Lefevre (198 6) distinguished two forms of 
mathematical knowing, namely, procedural knowledge and 
conceptual knowledge . The procedural knowledge of mathematics 
refers to knowledge of the format and syntax of the symbol 
representation system and knowledge of rules and algorithms 
that can be used to complete mathematical tasks； whereas the 
conceptual knowledge refers to knowledge of the underlying 
structure of mathematics the relationships and 
.interconnections of ideas that explain, and give meaning to 
mathematical procedures, It appears that mathematical 
understanding requires both procedural and conceptual 
knowledge. Unfor-tunately, however, the overemphasis upon 
-.9 -
acquiring procedural knowledge in school has left behind the 
learning of conceptual knowledge barely sufficient. As 
indeed, the apparent tendency to emphasize rote knowledge of 
mathematical procedures would have imposed a great difficulty 
in students' learning of more advanced and abstract 
mathematical concepts . 
In learning algebra, for instance, schoolchildren equipped 
with incomplete conceptions of the symbolic language used in 
arithmetic would often come across cognitive obstacles even 
when they have good practices over the basic arithmetic 
operations. Some research findings (e.g. Kieran,1981; 
Mevarech and Yitschak,1983) on the learning and teaching of 
algebra have already pointed out that students had a poor 
understanding of the equal sign and of the concept of 
equivalence, though they were able to solve various types of 
linear equations. In solving a simple equation such as 
.I 
2x+3=5+x, beginning algebra students obtained the correct 
answer (x = 2 ) . Yet as they treated the equal sign as a 
separator symbol rather than as a sign for equivalence, they 
made mistakes in displaying the intermediate steps of adding 
the same things to both sides in two separate stages: 2x+3-
3=5+x followed by 
The process-product dilemma (Davis,1975) over the blurred 
distinction in algebra between the process and the object is 
-.10 -
not easy for students to resolve despite 七 h e sufficient 
procedural knowledge they have gained from doing arithmetic 
tasks. For example, it is essential for schoolchildren not 
just to know that 2+9=11 but to recognize that 2+9 represents 
the total number of objects in the sets containing 2 and 9 
objects. And such a concept may help students understand 
better the dual nature of the expression x+3 , for instance, 
which represents both the procedure of adding 3 to x (or 
adding x to 3) and the object x+3. The process-product dilemma 
may persist even up to the senior secondary level (or higher) 
at which students are inclined to transform mathematical 
express ions into equations by adding " =0" to the given 
expressions when they are asked to factorize rather than to 
solve them. Indeed, these classroom observations have already 
been documented by Wagner, Rachlin, and Jensen ( 1984 ); and 
also by Kieran (1983)， with findings showing the inadequate 
understanding over the use of equal sign. 
. • • ' i ' • 
The issue of mathematics education can further be reflected 
from Borasi's (19 9 0) concise description of mathematics 
learning that goes on, almost every day, in most mathematics 
classes :
 M
the teacher introduces a new concept or rule by 
lecture, applies it in a few simplistic examples, Assigns 
similar exercises for practice to the. students for homework, 
later on goes over these homework results, and finally 
verifies the students, ability to perform the same task in a 
-.11 -
test situation" (p.179). Mathematics is generally thought of 
a S a d e d u c t i v e
 theory. Thus, it is taught usually in a 
definition-theorem-proof- application sequence. However, the 
conflict between the structure of mathematics, as conceived by 
mathematics teachers, and the cognitive processes of concept 
acquisition has made the problem of teaching and learning of 
mathematics much more complicated. It appears that we need to 
determine students' mental representations of conceptual 
knowledge if we desire to help them go through the cognitive 
obstacle in their course of learning mathematics. 
In recent years, there has been growing concern over the 
teaching and learning of conceptual knowledge in the 
mathematics community. However, it is difficult 七 o shape 
students
}
 beliefs upon working with conceptual knowledge in 
mathematics learning if the traditional mode of assessment 
remains unaltered. The conventional testing items of 
i 
mathematics has been biased towards the use of procedural 
knowledge. Thus, students are tempted towards memorization of 
procedures rather than towards conceptual understanding. In 
order to recti fy the situation and also to help students cope 
with their conceptual difficulties， it is important for 
mathematics educato.rs to design high-quality test papers which 
can be used to assess students' mathematics understanding 
behind the procedures. 
-.12 -
2.1.2 THE COGNITIVE SCIENCE PERSPECTIVE 
Cognitive science may be loosely described as a mixture of 
aspects of cognitive psychology, computer science, and 
artificial intel1igence(AT ). Information processing as 
central to thinking, learning, and performing is 七 h e major 
emphasis in cognitive psychology, which is benefitted from 
adopting the techniques in computer science in the study of 
mental activity as a kind of computer simulation. And from 
artificial, intelligence comes the focus on expert performance 
and how it can be acquired by means of a computer program. 
In predicting human complex phenomena, such as conceptual 
thinking, problem solving, inference and comprehension, we 
need to establish, cognitive theory based on some psychological 
models. The models in turn give rise to algorithmic 
hypotheses which can be formulated through computer 
i 
programming. In order to set up valid AI programs, simulation 
models based on the implementation of algorithms will have to 
be tested upon cognitive tasks performed by human subjects. 
Figure 1 summa-rizes schematically how theory and model are 
related over the domains of typical cognitive science 
research , based on the 'hypothesis-test-revise' strategy . 
-.13 -
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Figure 1. The research domains of cognitive science 
The cognitive psychology which is the major concern of this 
paper, contributes to the field of cognitive science in the 
way of identifying the very cognitive structures and processes 
that can ultimately be .implemented as part of an Al-based 
model. Through the coordination of research works on these 
cognitive science domains, it is hoped that a more complete 
and elaborate theoretical framework can be established in 
understand ing human complex phenomena. 
In building up a cognitive theory for an externalization of 
human mental processes, we need to have some understanding of 
the methodology used in cognitive science perspective. Under 
the hypothesis testing paradigm, experiments are set up to 
test statistically the formulated hypothesis (to see whether 
the hypotheses are to be rejected or not). However, there are 
-.14 -
g r o w i n
^ arguments (e.g. Miller, et. al . , 1984) that the sheer 
hypothesis testing procedure can hardly meet 七 h e ambitious 
demands of cognitive scientists in accounting more fully f o r 
the cognitive processes of human complex phenomena. Thus, 
experiments are run not just for hypothesis testing but for 
exploration. The .latter is concerned with the findings that 
contribute to an understanding of the boundary condition of a 
phenomenon . 
In tho latest development of experimental methodology, the 
introspective methodology of verbal reporting (Ericsson and 
Simon, 1980 ) has become ever important. In employing these 
introspective methods, human subjects are asked to carry out 
the "th inking-aloud" procedures while doing the on-task 
performance. From the procedures of verbalization, data in 
terms of transcribed protocols are drawn for investigation of 
the mental processes that have been involved during the 
i 
performance of a complex task ( such as in solving a 
mathematical problem )« 
Derivatives of- experimental tools for exploring subjects' 
cognitive processes include retrospective reports 
(verbalization of evoked mental processes immediately after 
the completion of the task) and task-based interviews (the 
question-and-answer probes for unfolding the thought processes 
used in performing a task). 
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2.1.2a TASK-BASED INTERVIEWS 
As a. consequence of the shift toward the paradigm of 
cognitive science, the task-based interview has become a 
commonly-employed technique used by the researchers in 
mathematics education. Davis (198 3) summarized the usual 
procedures : "A student is seated at a table and is given 
paper and pencil (or pen); his or her actions and words are 
recorded ( often via videotape or audiotape)， a mathematical 
task is presented to the student, and an interviewer talks 
with the student" ( jd . 2 5 5 ) . The interviewer needs to confine 
his or her speaking to posing question as well as reminding 
students to go on talking aloud during the interview. After 
the interview, a rich source of data can then be derived from 
the written papers showing students' working and most 
important of all from the tape-recorded and transcribed 
protocols . 
As an illustration for the study of this sort, an example is 
drawn from a recent research by Simon (with X. ZhU, 1987) in 
which protocol analysis has been carried out to investigate 
the processes of learning mathematics by studying worked-out 
examples and by solving problems. Table 1 shows how a 
protocol of 七 he student, who was learning by doing. The 
protocol provides the evidence of how the student finally 
found the appropriate rule after making the error in his 
initial attempt of solving the problem. 
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Table 1. 
An Example of verbal protocol 
. Problems : Identical with examples for l ^ r i ^ g^T^ -
examples section except that right-hand sides 
of equations are shown as : 
= ) (X+ ) 
*•" ——., • . — - .. . 
[Subject is doing the first exercise] 
1. [Exercise 1] X
2
 + 5X+6 =. 
(X+ )(X+ ) 
2. Equals (X+ll)(X+30) 
3. According to multiplication of polynomials, 
(X+ll)(X+30) 
4. Their product . . . 
5. That is wrong 
6. It should be (X+2) multiplied by (X+3). 




.11. 2 multiplied by 3 equals 6. 
12. [Experimenter ] What rule have you found? 
13. I found a rule• 
14. The numbers in these brackets ••• 
[the constants of the two factors] 
15. Added to each other, multiplied by X, we'll get 
this "num.ber [ the coefficient of the linear term]. 
16. These two figures multiplied by each other will 
equal the number at the end [the constant]. 
Source : Simon, H.A. ( 1989 ) . Models of Thought (Volume I I ) . 
(p.172) Yale University Press. 
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The protocol methods, like any other research techniques are 
not without their own weaknesses. The critics, as S i^m a r i z ed 
by De Corte and Verschaffel (1.987)，include incomplete 
verbalization of subject's thinking process, deviations in the 
verbal reporting from the subject's actual thought processes, 
and plausible alteration of subject's tactics used in tackling 
a problem as result of verbalizing. Nevertheless, based on 
the general framework of human informati on-processing theory 
(see the discussions that follow) , Ericsson and Simon ( 1980， 
1984) have proposed a feasible model f o r the verbalization 
processes. And the model does provide a sound theoretical 
basis for the use of verbal reporting as a way of eliciting 
rich, reliable and val .i d data for drafting subject cognitive 
processes. 
2.1.2b INFORMATION-PROCESSING FRAMEWORK 
• j 
The notion of human learning as information processing is 
central to the cognitive science perspective. Individuals are 
viewed as receivers, manipulators, and effectors of 
information. The mechanisms by which information is stored, 
accessed, and retrieved have been well documented (e.g. Simon, 
1979b). 
Most information-processing theorists have generally agreed 
upon the assumption that there exist three structural levels 
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of the system .: a sensory, or intake register, a working or 
short-term memory (WM or STM) and a long-term memory (LTM)• 
After entering through the sensory register, information can 
be held for a short period of time in the STM, where it can be 
combined with information from the LTM. The STM is heavily 
constrained by its extremely limited capacity which allows it 
t.o process only a few chunks of information at a time. Though 
the I.TM has apparently nn.l i mi. ted capacity in storing 
information , there exists the problem of accessing or 
retrieving the information stored there. In addition, the 
inclusion of routines like rehearsal strategies in the control 
process of the system makes possible the execution of general 
heur ist.i c for problem solving . 
Major advances have occurred in the past twenty years in 
research that makes use of the theoretical framework developed 
in cognitive science in studying students
1
 performance on 
mathematical tasks. It has been found to be rather successful 
in theorizing about problem solving by merging the methodology 
from cognitive psycho logy and artificial intelligence (AI). 
For instance , Newell and Simon ( 19 7 2 ) used programming me七hods 
from AI , along with empirical observations of human behavior, 
to construct models of human thinking and theory of human 
problem-solving . 
Based on the information-processing framework, Mayer (1989) 
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•( 
has put -forward a model of problem solving with a two-phase 
process of analysis, namely, the representational processes 
a n d t h e s o l u t i o n
 Processes. In the information-processing 
approach, the problem-as-presented is first converted into 
some mental representation ( the representational processes) 
and then the problem solution could be achieved by applying 
the solution processes to the cognitive representation. Using 
N e w e l J
 & Sinion，s (19 7 2) procedures for path searching of the 
problem space, the anal ysis can be done on the respective 
processes of representation and solution. These procedures 
include the application of a series of operators between 七 h e 
given and goal states of the problem arid the search 
procedures, such as a means-ends analysis strategy. 
Mayer(1989) has pointed out though not explicitly enough that 
a major constraint on the theory of human problem solving is 
the complexity of mental representation which reflects the 
semantic nature of the individuals
5
 schematic knowledge. The 
schematic knowledge here refers to the prior knowledge of 
problem solvers being' used to guide their interpretation of 
the presented problem. The empirical evidences (Hinsley, 
Hayes, and Simon, 19 7 7; Mayer, 1982; Riley, el al.，1982 ) 
suggest that information in a problem can be mis interpreted 
due to the " schema-g'uided" distortion in the representational 
process. Such k.ind of distortion often results when humans 
"tune up" the incoming information so as to be consistent with 
the ir schema» 
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2.1.2c THE KNOWLEDGE STRUCTURE 
In describing the mental representation of complex 
phenomena, such as problem solving and ( re )'structuring of 
knowledge and human inference, a variety of labels or 
constructs has been found in the literature. These include 
propositional network (e.Anderson , i976 ), frames (Minsky, 
1.975)， scripts ( Schank and Abel son, 1977), schema 七 a 
(Rumelhart, 1975， 1980 ； Davis, 1984； Skemp, 1987 ), mental 
models (Johnson-Laird, 1980,. 1983 ) , 'Causal, mental models 
(Gentner and Stevens, .198 3； de Kleer and Brown, 1981 ). 
According to most propositional-representation 
theorists (e.g, Anderson , 1983， 1990 ) , propositions are the 
basic units of knowledge in LTM and skilled procedures are 
developed by means of procedural representation (product ion 
rules) and factual information by declarative representations 
(semantic / propositional networks ). Within this framework of 
representation, schemata iand frames) through top-down 
mechanisms serve as possible forms of human knowledge 
representation for the generic concepts stored in memory. 
Schemata in the form of frames are characterized by the 
existence of variables called slots (or attribii 七 es〉• These 
variables have two important properties : They have default 
values， values assumed to be true as long as the incoming 
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information does not specify it otherwise, and they have slot 
values, values specializing the plausible range over which 
possible fillers of the variable might change. 
Schemata, being usually taken as a synonymic term of 'frame， 
and ， s c r i p t ， ， are unconscious mental structures of human 
knowledge and skill . Generally speaking, schemata and 
Johnson-La i rd's ( 198 3 ) mental models, are meant to be mental 
representations of our external world ， from which it is 
possible to generate phenomenally experienced imagery. 
However, they do differ, as argued by Brewer( 1987 ) , in the 
sense that schemata are precompiled knowledge structures, 
while mental models are specif ic knowledge structures that are 
consciously constructed to represent a new situation through 
the use of generic knowledge. For the term ' mental model' 
used by Centner and Stevens ( 1983 ) , the emphasis has been put 
on the causality component of the model which accounts for its 
v
 I 
use in giving explanations of physical phenomena. Though we 
* • 
should be aware of the minor distinctions of 七 h e terms used by 
different researchers, no attempts have been made to go into 
the details of discussion over the apparently confusing 
jargon. In this paper, the terms ,frame，， ,schema,, and 
^mental model', being treated as the subsets of mental 
representation, would be used wherever considered to be 
appropriate• 
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2.1.2d THE NATURE OF CONCEPTS 
Irrespective of different terminology used for the forms of 
mental representations, they are found to be closely linked to 
the research area in exploring the cognitive process of 
c_gncejp_t acquisition. Indeed, ， c o n c e p t ， has posed a 
surprisingly difficult construct to psychologists in 
formulating a full account of it. Within the framework of 
cognitive psychology, a concept is assumed to be the mental 
representation of a category or class (e.g. Medin & Smith, 
1984). Under such an assumption, however, 七 h e detailed 
processing of its structural content remains debatable (see 
Komatsu, 19 9 2, for an overview of conceptual structure). 
Based on the human information-processing framework, it is 
generally assumed that processing in task performance proceeds 
from the perception of cues. This initiates the cue-
r ！ 
process ing in the short-term memory (STM), the retrieval 
action from the long-term memory (LTM) and ultimately the 
execution of plans by effector system for the external 
actions. And thus a general description of cognitive process 
for the acquisition of concept may be outlined as follows : An 
identified concept (through matching process) is temporarily 
stored in STM. The processing of concept (maintained active 
by means of rehearsal mechanism) initiates a descriptor which 
will be used to retrieve items or information from LTM. After 
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the execution episode, the perceived concept may then be 
encoded and stored more permanently in LTM. 
Concepts, in terms of Johnson - Laird .，s (1983 ) view of a 
mental model , are representations constructed in working 
memory with implicit inferences built on background knowledge 
(the concepts are part of the schemata stored in long-term 
memory ) . For instance , in the domain of mathematics , students 
often draw their inferences from their past experiences whilst 
constructing a line to represent an altitude of a triangle or 
parallelogram. Though the arguments put forward by Johnson-
Laird seems to give a promising explanation for the complex 
conceptual phenomena ( such as conceptual combination, context 
effects), the work of developing theoretical constructs for 
our understanding of concepts remains incomplete. 
Nevertheless, it is plausible that we can take full advantage 
of the study of concepts in helping learner to develop 
adequate and appropriate mental models. The applications of 
mental modeling in the repertoire of problem solving and the 
implications of expert-novice discrepancy in knowledge 
representation, to cognitive apprenticeship will be further 
discussed in the sections that follow. But before that, the 
implications of cognitive science perspective for the study of 
mathematical concepts will be first discussed in the next 
subsection . 
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2*1.3 THE PSYCHOLOGICAL STUDIES OF MATHEMATICAL CONCEPTS 
Under the current information-processing framework of 
cognitive science, conceptual thinking has become a 
cognitive aspect of teaching and learning mathematics. In 
accounting for our thinking process, concepts have indeed an 
important rol e to pi ay. Despite the importance of concepts , 
we do no t; have unanimous formal definitions as laid down by 
the experts who study concepts (Klausmeier & Harris， 1966). 
Thus, the discussion about the studies of concepts below 
would be focussed upon the cognitive aspects of the 
processes of learni ng mathematical concepts. 
Based on Piaget's (19 70 ) conception of concept, Klausmeier 
has developed a conceptual learning model with more emphasis 
I 
being put upon learning-environmental factors, as well as 
internal representation of experiences. According to 
Klansineier' s ( 1992 ) theory of conceptual learning and 
development (OLD), a learner at the highest level (the 
formal level ) of understanding is able to give the experts' 
def inition of the words that name the concept (For example, 
an equilateral triangle is a plane, simple, closed figure of 
three equal sides and three equal angles), and specify the 
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critical attributes ( three equal sides，three equal angles) 
that differentiate the concept from other closely related 
concepts ( such as ri i?ht triangles , isosceles triangles ) . It 
:i.s argued that students could form m i. sconcept ions if they 
failed to reach the formal leve：!. . The CLD theory has 
provided a framework for concept instruction. Nevertheless, 
K1ausmei er ( 1992) has admitted that concepts could not be 
effectively taught without incorporating high-quality 
concept-focussed materials in the instruction program. 
Very often, mathematics as it appears in textbooks and in 
classroom instruction is presented and organi zed under the 
assumption that concepts are mainly acquired by means of 
their definitions. Although all mathematical concepts 
except the primitive ones have formal definitions, recent 
research studies (Davis &. Vinner, 1986； Tall&Vinner，1981; 
； ‘ I 
Vinner 1982，1983 , Vinner Dreyfus, 1989 ) have shown that 
students may not reason with definitions when working on 
mathematical tasks . 
Vinner ( 1983 ) made the distinction between the concept 
definition (the concept as it follows from its mathematical 
definition) and the concept image ( the concept as it is 
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 abstract" for them to learn. And indeed, 
abstracting is an essential process of learning mathematics. 
According to Drefus (1.991)，abstracting is a constructive 
process in which mental structures are developed from 
properties of and relationship between mathematical objects. 
During the process of abstraction, irrelevant details are 
being omitted ( thus reducing the complexity of the 
situation) leaving behind the salient structure in the mind. 
i 
In mathematics learning, abstracting involves the process 
of building up one's mental representation of mathematical 
concepts. The concrete representations (such as graphs, 
algebraic formulas, vector diagrams) provide the basis for 
representing the concepts mentally f Kaput, 1987 ) . This 
implies that visualization plays a vital role in the process 
of our mathematics 1earning. Thus，a good visual model does 
help students develop their mental representation of 
-.27 -
mathematical concepts. However, misconceptions might result 
if incomplete or even misleading visual models were used. 
For example, the visual image of an acute-angled triangle 
might incorporate the features (such as the vertical dotted-
line and the right angle ) that are typical to the teaching 
of the area of a triangle. Nonetheless, the process of 
abstracting the very concepts is far from complete without 
incorporating appropriate visual models (visual sequences of 
various forms including obtuse-ans;led triangles, for 
instances ) in i—1:. As a result, overgeneral izat ion and 
misconceptions might arise in students' later stage of 
learning . 
In teaching mathematical concepts, some teachers might 
begin straight from the definition while others might use 
pictures to help students visualize the ideas. No matter 
i 
which method is used, we are not sure of how much the 
students have shared the experience with mathematical 
processes of their teachers and how well they have acquired 
the concepts their teacher used during the lesson. Thus, as 
teachers, we need to examine the mental models held by 
students for conceptual knowledge. 
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2.2 MENTAL MODELS AND CONCEPTUAL KNOWLEDGE 
W h e n w e s o l v e a
 rnathematical problem, various mental 
processes" can proceed. The very process carried out by a 
particular person is characterized not just by the person's 
knowledge of the domain but the properties and relations 七 h a 七 
support the kind of reasoning behind the physical objects 
bein^ represented mentally in the person's own mind. 
Based on the inforrnati on-processing framework, Greeno (1991) 
considers knowledge as "a set of representations that are 
stored in the mind , including symbols that represent concepts, 
properties, and relations as well as representations of 
procedures for manipulating symbolic expressions "(p.174). 
Thus, learning mathematics is the construction of cognitive 
structures and procedures that represent the concepts, 
principles, and rules of inference of the mathematics domain. 
Examples drawn from the studies on flexible numerical 
computation and numerical computation have illustrated the 
significance of helping students go beyond knowing facts and 
procedures. Hope and Sherrill ( 1987) found, in a study of 
mental multiplication by high school students , that the mental 
operations would be much handicapped for those using a mental 
analogue of paper-and-pencil procedures instead of using the 
properties of equivalences to regroup numbers into a easy—to— 
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manipulate mode (The problem "25x48
M
 was converted to 
M
100./4x48" , then to " 100x48/4, then to 100x12, to obtain the 
answer). In another study (Reys, Rvbolt, Bestgen, & Wyatt， 
1982), students were asked to estimate the answer to 
"12/13 + 7/8" with the t i me limit set for stopping them from 
using paper and pencil to solve the problem. As a result, 
fifty-f Lve percent of 13-year-old students and 36% of 17-year-
olci st.ndents answered either 19 or 21 , rather than 2. This 
finding has demonstrated that the students' mental processes 
are 1 imi.ted by traditional algorithms . 
Representations of concepts can play an important role in 
reasoning. And the importance of constructing conceptual 
structure in mathematics learning has been recognized (Kaput, 
1987; Harel & Kaput, 1991 ) . Unfortunately, a coherent, well-
integrated conceptual structure cannot be easily built up 
simply by means of a formal definition and a few examples in 
v
 ‘ 'i 
introducing the concept of a new mathematical term. Halford 
(199 3 ) pointed out that "understanding means having an 
internal representation or mental model that corresponds to a 
concept, task，- or phenomenon "(p.8). As a starting point, 
thus we need to find out a learner
J
 s mental model in order to 
help the learner make new know]edge fitting more meaningfully 
and more effectively into his or her existing knowledge 
structures ( schemata or frames , for instance ). A mental model 
is an internal conceptual structure 七 h a t corresponds to some 
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aspect of the world (Gentner & Stevens, 1983 ) . A mental model 
works because operations with mental objects in the model have 
effects that are 1 ike the effects of that operation on the 
objects that the model represents. As a classical example 
consider a geometric mental model (Simon, 19 78 ) : Imagine a 
rectangle one unit high and two units wide. Now imagine a 
vertical line that divides the rectangle into equal parts, 
Next, imagine a straight line from the upper left corner to 
the lower right corner of the original rectangle. Finally, 
imagine a straight line from the upper right corner of the 
original rectangle to the point where the vertical line in the 
middle meets the bottom of the rectangle. Can you answer the 
following quest ions :(a) Do the two lines that were drawn 
d iagonally intersect? (b ) On last line that was drawn, is the 
part above and to the right of that intersection longer or 
shorter than the part below and to the left of the 
intersection? As argued by- Greeno (1991 ), the ability of most 
•i 
people to give correct answers to these two questions 
illustrates that most of us do have the ability to construct 
and reason with mental models. 
Reasoning with mental models, though not yet fully 
understood , is an important cognitive activity well-documented 
(Johnson-Laird, 1983; Gentner and Stevens, 1983). In a 
mathematics classroom, students who are able to construct a 
model of a graph by incorporating properties of lines in 
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m a k i n
-
 t h e i r
 inferences would find little difficulty in 
answering the question : In which quadrant can we find the 
intersecting point formed by the ]ines x+y=0 and y+2=0? The 
answer can be obtained more readily in a graphical 
representation than in a computational mode of solving 
equations. The role of cognitive modell ing is discussed in 
the next, section as accounting for expert-novice differences 
in knowledge representation, 
2.3 EXPERT-NOVICE DISCREPANCY IN KNOWLEDGE REPRESENTATION 
Expert-novice studies are an archetype of research based on 
current cognitive science approaches . Numerous studies in the 
comparison between experts' and novices， problem-solving 
behaviour show that experts' knowledge structures are not just 
more elaborate or accurate but are fundamentally different 
from novices， model (Chi & Glaser， 1984； Greeno & Simon, 
1984) . Thus, from the educational point of views, it is 
interesting to note how a novice can model the way an expert 
tackles a cognitive task. 
In solving a mathematics problem, for instance, the expert 
(the teacher) externalizes his or her thinking process by 
talking out loud for the novice (the student ) while doing the 
task (the process being similar to the way cognitive 
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psychologists collect the think-aloud protocols ). In order to 
l e t t h e
 novice learn from the expert, the complete thought 
processes of the latter need to be exposed. Ideally these 
should reveal not only the expert's factual and conceptual 
knowledge but also the course of experiencing the searching of 
the wrong paths. However, the externalization of teacher,s 
thought processes for students might come across some 
practical difficulties (e.g. time constraint of a lesson). 
Besides, it is somet imes difficult for a novice to model the 
strategy expert is undertaking as the expert may have an 
implicit mental representation resulted from the compilation 
of knowledge . Very often, only by performing careful analysis 
of the experts' protocols ( recorded during the process of 
externalization) could we expose how the expert excels in his 
or her reasoning process. 
In a recent expert-novice study, Leinhardt (1989) compared 
the competencies of explanation between expert teachers and 
novice teachers (student teachers). Based on the analysis of 
interviews and videotapes-transcribed data, semantic net 
diagrams were constructed f see Figure 2 on p. 36 & Figure 3 on 
p,37). The expert lesson on subtraction (rather than on 
multiplying by 9) was chosen in this study for the purpose of 
displaying with net diagram all the idealized goal states f o r 
an explanation of lesson. In both Figure 2 and Figure 3，the 
nodes show 七 h e concepts presented during the lessons and the 
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 represent the linking of concepts. 
111 F
^
U r e 2
 “⑶ p.36)，the novice's order of presentation 
of instructional material is indicated by the circled numbers. 
A s a n i n i t i a l
 episode of the lesson, the novice took nine as 
t h e h a r d e r o f t h e
 h s t two one-digit number (i.e. 8 and 9) in 
multiply in a： and then did the demonstration by displaying a 9 一 
by - 9 array of 8.1 chips over an overhead projector. The 
episode was then followed by the .illustration of a "simple" 
problem, 3x9, and so on. 
Novice,' s explanation (see Figure 2) is characterized by 
fragmented lesson structures, and by confusion caused by 
blurred connection between the mathematical contents and the 
adopted representational system (for instance, the episode 
with circled number - 7 shows inconsistent demonstration over 
the use of number line representation for the equality of 3x9 
and 9x3 ). 
On the other hand, expert
i
s explanation (shown in Figure 3) 
displays a ric4n and accurate representation of mathematical 
contents with a careful selection of multiple systems (such as 
numbers, blocks, verbal chains, and drawingsAs noted in 
Figure 3, the representational node is linked to the set of 
three parallel strands of smaller nets, indicating the 
j—terati.ve use of sticks, felt strips, and numerals (two 
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 a written procedure) for the presentation of the 
S a n , e r e g r o u p i n
^ & 丨扣 rithm. In short, the diagrams show 
c J e a r i y t h a t t h e
 exerts did have a cohesive schema for a 
lesson when compared with the novices. In parallel with the 
contrast of expert teachers and novice teachers in the study 
for explanations of mathematics lesson, it comes quite natural 
for us to make the comparison between expert students and 
novice students for investigating how they form mental 
representations of their knowledge structures for a conceptual 
domain such as mathematics. 
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Figure 2. Novice teacher's explanation of multiplying by 9. 
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Figure 3. Expert teacher's explanation of subtraction 
Source for Figures 2 and 3 : Leinhard七，G. ( 1989 ) . Math 
Lessons : A Contrast of Novice and Expert Competence. J o u r n a l 
f o r Research in Mathematics Education， 20 ( 1 ) f 5 2 - 5 7 . 
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2.4 ASSESSING MATHEMATICAL UNDERSTANDING 
In Hong Kong, .like many countries in the world, curricula 
and even instruction are mainly examination-oriented. A 
phenomenon generally unchallenged by students, parents, and 
even teachers is : whatever gets tested gets taught. I 七 
appears that an impetus for teaching conceptual thinking in 
mathematics needs a concurrent change in the way we assess our 
students . 
From the viewpoint of test theory (such as Item Response 
Theory) achievement is measured by scoring the number of 
correct responses that students can make during a test. Thus, 
answers given to conventional test items are classified either 
"right" or "wrong". However, if we desire to assess students' 
mathematical understanding, traditional mathematics 
achievement tests will become inadequate. 
Most current measurement theory and practice have assumed 
that learners are passive absorbers of facts, skills， and 
algorithms taught by the teacher (Wilson, 1992). Under this 
approach, students would be penalized by exactly what units of 
knowledge or skill aire absent at the time of testing without 
giving any partial credits for their "near miss" efforts of 
displaying partial understanding of problems. 
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In cognitive science, expert-novice studies indicate that' 
e X p e r t s a n d
 novices differ not just quantitatively by the 
amount of the knowledge they possess but qualitatively by the 
w a y
 they demonstrate their conceptual understanding in 
approaching a problem. The differences between e'xperts and 
n o v i c e s c a n
 be interpreted in terms of the representations 
they use and the models they construct during the problem-
solving process (Nesher, 1986 ) . Thus, expert-novice research 
does provide an essential basis for developing a methodology 
for mapping student achievement in conceptual understanding. 
2.4.1 ASSESSING KNOWLEDGE STRUCTURES 
To assess students' understanding in mathematics requires 
the knowledge or information of what the main personal 
theories or mental models are being held by students while 
solving mathematical problems. 
To illustrate how mental models can be assessed, consider 
three examples of recent research studies that are pertinent 
to cognitive theory-based assessment. The study by McClosky, 
Caramazza, and Green (1980 ) assessed subjects' mental models 
in predicting physical mot ion. Presented with a picture of a 
spiraling tube, the subjects were asked to predict by,drawing 
a line to show the flight of a pellet being shot through the 
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r o f t h e
 subjects，drawings, which showed the pellet 
w o u l d f o l l o w a
 curvi.ll inear path as it left the spiral tube, 
have revealed that the subjects possessed a flawed mental 
mode1. 
Another study by Gentner and Gentner (1983 ) was designed to 
determine the nature of the mental models which guided their 
suh.iects' think!n^ in answering the questions about the state 
of an electrical circuit under varying conditions. The 
findings unfolded that the analogues of electricity flow to 
the flow of water and to the movement of teeming crowds 
constituted most of the subjects' mental models. 
In the study by Johnson (1988)， mental models were assessed 
by making use of protocol data. This is an expert-novice 
research on the identification of the mental models possessed 
by expert and novice troubleshooters in working with a faulted 
I 
generator. During the troubleshooting phase of the 
experiment, the subjects were asked to think aloud as they 
were diagnosing a malfunctioning generator with the use of 
schematics. wiring' d.i a grams and technical manuals provided. 
Based on the subjects' verbal protocols, the state of mental 
models was assessed by their differing degrees of expertise 
demons七rated in tackling the problems during the 
troubleshooting activity. In short, the studies described 
above demonstrate that the cognitive theory-based procedures• 
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 mental models and to identify conceptual 
flaws that may hinder a learner's subsequent understanding. 
2.4.2 TEST VALIDATION 
In assessment, there are two major criteria for judging a 
test, namely, reliability and validity. From the statistical 
viewpoint, the estimate of reliability is routine in terms of 
the calculation of correlation coefficients. However, the 
validation of a test is not sufficiently determined by a 
reasonable degree of reliability alone. And indeed, the issue 
of test validation has become much complicated with recent 
developments in the philosophy of validity for performance 
assessment (Moss， 1992). 
Conventionally, the concept of validity is operationally 
defined by the three-part framework of construct-, content-, 
i ‘ 
and criterion-related evidence ( s e e Cronbach, 1990). But 
Messick ( 19 7 5) argued that only the construct validity could 
provide sufficient evidence for a test-based inference. As 
reported by Moss (1992)， the construct validity which is used 
essentially "to justify a particular interpretation of a test 
score by explaining the behavior that the test score 
summarizes" {p.233) has already been considered to be the 
central concept for both educational and psychological 
measurement. 
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C r o n b a c h
 (
1 9 9 0
) Provides a "still not exhaustive" (p.181) 
list of research techniques that might be pertinent to 
construct validity. Among these, "administrating the test 七 o 
individuals who think aloud" does help address the general 
validity questions in this study. And indeed, the movement in 
shifting conceptions of validity i s a support rather than a 
hindrance for the setting of our goal in assessing 
matheinai". i ca 1 unders tand i ng . 
2 . 5 SUMMARY 
The centrality of issues in mathematics education can be 
described by the key word "understanding" . Understanding in 
terms of what conceptual knowledge possessed by students is of 
great significant educational value. The information of how 
the concepts are being represented mentally in the students
, 
“ • i 
minds enables mathematics educators to initiate the process of 
diagnosis in a much more effective way. Based on the current 
framework of cognitive theory, this study attempts to make use 
of such kind - of information in assessing mathematical 
understanding . 
With the parad igm shifting from behaviorism to cognitive 
psychology, it is hoped that a more complete picture of how 
human mind works in terms of one's knowledge structure can be 
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drafted. From the cognitive science perspective, derivatives 
of experimental tools are designed to explore mental 
processes. Among these, the think-aloud procedures and task-
based interviews are commonly-employed methods used to 
determine the nature of knowledge structure held by the 
subjects under investigation. Various constructs are used by 
researchers in the field of cognitive science for the 
representation of knowledge structure behind their 




 scripts", "semantic networks", and 
"mental models". This paper, however, is concerned with the 
practical use of mental representation behind these labels in 
finding out how the information of students' knowledge 
structure helps us to assess their understanding in the domain 





3•1 RESEARCH QUESTIONS 
The initiaJ. goal of this study was to explore the kinds of 
misunderstand ings that students might have after they had 
learned the topic of coord inate geometry. Two groups of 
students ( three in each group) were classified under the 
labels of ” expert students" and "novice students
M
. E x p e r t 
s t u d e n t s are defined loosely as those making no or very few 
errors, whereas n o v j . c e s t u d e n t s refer to those with most 
questions wrong in attempting the problems of the initial 
i 
test. Based on the procedures of expert广novice studies, this 
study was to investigate the following research questions : 
1. What are the differences between the mental models used 
by two groups of students, namely, the expert students 
and the novice students, in solving the problems of 
coordinate geometry? 
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2. How can a test paper of high quality in assessing 
students' conceptual understanding in mathematics be 
des igned? 
3.2 SUBJECTS 
The subjects were around 16 years old and enrolled in a 
Secondary Five class (equivalent to Grade 11 in U.S.) of a. 
science stream in a secondary school in Hong Kong, The school 
is approximately a t the average among the local schools in 
terms of student ability. Among the 38 students in the class, 
nine of them are "repeaters" ( In Hong Kong, students who fail 
in English Language or do not attain high enough grade points 
on the subjects they attempt in Hong Kong Certificate of 
Education Examination usually opt to repeat their studies for 
one more year). Most of these repeaters have obtained a good 
！ 
pass in mathematics in the public examinations. In the 
standard mathematics curriculum， the simple concepts of 
coordinates and point — by—：poin七 plotting of graphs are taught 
in junior classes. The more sophisticated techniques applied 
to the problems of coordinate geometry (such as determining 
七 h e general equati on of locus ) would be included in the 
teaching topics of senior classes. Prior to this study, all 
the subjects had already been taught the topic of coordinate 
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geometry with teaching contents in compliance with examination 
syllabus of Hong Kong Certificate of Education Examination. 
3.3 DESIGN AND PROCEDURES 
The study was carried out in three phases described as 
follows: , 
3.3.1 PHASE 1: INITIAL TESTING FOR CONCEPTUAL KNOWLEDGE 
An initial test, written by the investigator and based on 
his ideas of what should be included , was used to find out 
what conceptual knowledge students might have in the domain of 
coordinate geometry. The test materials were in the form of 
a paper-and-pencil test with item-content confined to the 
teaching syllabus of the certificate course at secondary 
level. 
Owing to the qualitative nature of the questions for 
assessing conceptual understanding, it was expected that 
students would exhibit a variety of misconceptions despite of 
their prior instruction in the topic as the initial test was 
not expected to serve as an accurate tool for assessing 
students， conceptual understanding. 
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The primary purpose of this initial test was to provide a 
classification of the students in terms of their conceptual 
knowledge. On the basis of this classification, two groups of 
students, namely the expert students and the novice students 
(as defined in Section. 3.1) were used for in-depth 
interviewing , 
3.3.2 PHASE 2: TASK-BASED INTERVIEWING 
Based on students' performance in the initial test, three 
expert students and three novice students were selected for 
the second phase of the study : task-based interviews. From 
these interviews, an attempt was made to identify components 
of the subjects' menta] models of the conceptual domain under 
investigation. The mode of the interviews was a combination 
of typical procedures for think-aloud protocol and follow-up 
i 
interviews, as similar to those described in the section 
2.1.2a. In the beginning of the interviews, the subjects were 
asked to listen carefwily to a tape which demonstrated the 
u s l,al procedures as expected in a task-based interview and 
then were made familiar with the method by attempting some 
simple practice problems. Each of these interview sessions 
was an exposing event designed to help the students 
understand their own model in terms of the justifications and 
explanations made for question-answering. The interview 
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sessions were audio-recorded and data were obtained from the 
transcribed protocols . 
In this study, the two groups of students were asked for a 
second interview. The purposes of the second interviews were 
(1 ) to clarify further the ambiguity over the drafting of the 
subjects' mental models: (2 ) to test the hypotheses that were 
generated from the first interview. 
3.3.3 PHASE 3: REVISED TESTING FOR CONCEPTUAL KNOWLEDGE 
As the initial test would probably only reveal students' 
surface errors and plausible misconceptions , a revised test is 
prepared for more accurately assessing their conceptual 
understanding. Based on the subjects' conceptual models 
(particularly the novices, models ) derived from the second 
I 
phase of the study, an in — depth analysis are carried out. Any 
items in the initial test that are found inadequate for 
reflecting students' conceptual understanding are rewritten. 
An analysis of. validity of the redesigned test is done by 
another teacher. 'The revised test is then conducted in the 







 MODEL FOR ASSESSING CONCEPTUAL UNDERSTANDING 
A model of test-paper construction for assessing 
conceptual understanding is shown in Figure 4. The model 
describes schematically the main design and procedures of 
this study. With the ultimate goal set for assessing 
mathematical understanding, this model is characterized by 
its recursive nature. That is, the model suggests that at 
least we can improve the qua1ity of test paper as we go 
through each cycle of the procedures. This model can be 
used not only for t he topic of coordinate geometry (the 
domain of investigation in this study) but for any other 
topics as we 11.. 
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Figure 4. Model of test-paper construction for assessing 
conceptual understand ing. 
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3 . 4 DATA ANALYSIS 
The data analysis of this study consists of two major 
parts : 
1. An in-depth protocol analysis was carried out for 
the construction of the subjects' mental models in 
the domain under study. -
2
‘ A reliability / validity test for the revised test 
items was made. 
In establishing reliability, the "split-half" method is 
used. That is, the test is split into two equivalent parts, 
namely, test A and test B (see Appendix 9 for the item 
components of the two test forms ). Based on the Spearman-
Brown formula, the Cronbach-alpha coefficient (as an 
indicator of reliability for a certain number of 
observations in terms of a sum or average of item score) is 
computed. For the content validity of the revised test, the 
test content is examined by an experienced mathematics 
teacher in another school to ensure that it was in agreement 
with the content of the course being taught. 
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3.5 TIME FRAME 
A time frame that has been drafted for showing the working 
schedule of the present study is given as below : 
PHAVSE WEEK CONTENTS OF WORKING 
I 0 The study initiates 
2 Initial testing is carried out to 
identify expert students and novice 
students . 
Possible surface errors and 
misconceptions are located to help 
prepare the questions to be used in 
phase-II. 
II 8 Th ink-aloud procedures and follow-up 
interviews are carried out twice with 
the three expert students and three 
novice students on an individual basis. 
12 The students' mental representations are 
drafted and conceptual models set up. 
j XX 14 - The initial paper-and-pencil 七 e s t is 
redesigned on the basis of the findings 
in phase-II. Its validity is 
established. 
16 The students in the-original class take 
the revised test. Measurement of 
reliability and analysis of errors and 
misconceptions is carried out. 
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CHAPTER 4 
RESULTS AND DISCUSSION 
4 . 1 OVERVIEW 
This chapter presents the results obtained from the three 
phases of this study. The analyses of protocol data and 
students' responses are also discussed. 
In Section 4.2， the target domains of some basic conceptual 
knowledge in coord inate geometry are examined . The discuss ion 
provides a basis for designing test items for the concepts in 
the topic of this study. The procedures of selecting expert 
I 
students and novice students are outlined in Section 4.3. 
Sect ion 4.4, compr ising three subsections, deals with the 
analysis for the phase two procedures of the study, The first 
subsection is devoted to the process of inferences made for 
the construction of students' knowledge representations. Then 
the "expert-versus-novice" differences in terms of their 
mental representations are discussed in the second subsection. 
In the final subsection, the process involved in generating 
hypotheses from the firs七 task-based interview and how these 
hypotheses were tested in the second interview is considered. 
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Section 4.5. comprising two subsections. is devoted to the 
analysis for the phase-three of the investigation. 
Interpretations of students' responses in the revised test are 
suggested in the first subsection； while the establishment of 
test reliability and validity is outlined in the second 
subsection. 
4.2 CONCEPTUAL KNOWLEDGE IN COORDINATE GEOMETRY 
Coordinate geometry is a unified mathematical structure 
linking up two ma.ior branches of mathematics, namely, algebra 
and geometry. This 1inkage provides learners with powerful 
algebraic tools for the study of geometrical problems . It also 
serves as an important technique for subsequent work in 
calculus . 
At the elementary level, the study of coordinate geometry 
involves the familiarization of the Cartesian coordinate 
system through some graph work on plotting points . The concept 
and notation of ordered pairs is introduced for the location 
of a point in a coordinate system. A thorough understanding 
of ordered pairs of elements, including the ordering and its 
proper representation, is essential to subsequent learning in 
mathematics such as in the interpretation of the modern 
definition of "function". 
-54 - 、 
With the introduction of new concepts and notations in 
coordinate geometry, students often attempt to memorize the 
formulations in terms of coordinates. For instance, the idea 
of length of a. line segment (or distance between two points ) 
is a direct appljcation of the Pythagorean theorem to -a right 
angle. The interpretation of the formula behind working 
procedures involves its reconstruction in terms of a figure 
and the new notation. Indeed , an understanding of the 
under.l vn ng idea behind the formul a provides an important basis 
for students to master algebraic techniques as applied to 
geometric r o b 1 e m s . • 
In the study， f on r basic concept domains were considered. 
These included point coordinates, intercepts, slopes， and 
p a r a l l e l l i n e s . Based on these four concept areas, the 
questions for thq initial test were drafted. Figure 5 
presents a schematic structure, of conceptual knowledge 
i 
underlying these domains. The arrangement of the concept 
domains in the figure does not necessarily imply their 
hierarchical nature in a strict sense but represents a 
plausible organization of their interconnections. 
-55 - 、 
—— “ Geometry / Algebra 
Geometric
 4
 Coordinate Geometry 
approach Analytic 
/ method 
Z" T . 
interpret 
^~~ > ^ 
Pythagoras ' D i s t a n c e [ p o i n t coordinateshHordered pairs 
theorem formula 
I u r ” 
、f 
intercepts ^ 
appl.y^  apply 
、f line equation 
Distance between 
yt . 
two points / slopes ^ 
length of line 
segment 
’ /<EQUAL SLOPE>—[condition-of 
parallel lines： 
7
 EQUAL SLOPES 
r ^ p -L. 
CORR. L. ^  angle of / . ... parallel ‘、 c 
inclination / lines 
. 〉determine / . 






 PHASE-ONE ANALYSIS : SELECTION OF EXPERT AND NOVICE 
STUDENTS 
In the phase one of investigation, the initial test for 
conceptual knowledge was made ( see Appendix 1). At this 
stage, since there was little knowledge of what conceptual 
understanding the students might exhibit in the target topic 
(i.e. coordinate geometry) , the investigator drafted the test 
items based on his own teaching experiences. After all , the 
testing served the purpose mainly for 1;he selection of expert 
students and novj.ce students as defined in the section 3.1 of 
Chapter 3 (on p.44 ) . 
The initial test was conducted in a secondary-five class of 
a science stream during the last two class periods on December 
2， 1993. The testing conditions were set Similar to those of 
administering a normal classroom quiz. However, there was no 
. . i
 ： 
time limit being set for the test. The testees who were 
approximately 16 years old were reminded the importance of 
read ing the instructions carefully, which required them to 
include their own plausible explanations and to retain their 
erroneous working's for the use of subsequent analysis. The 
contents of the target topic (as confined in the syllabus of 
the . public examination ) had been completely taught 
approximately one month before the test. 
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4.3.1 THE SCORING OF THE INITIAL TEST 
The test was scored according to the subjects' responses 
being judged to be the correct kinds of concept as required 
for answering a particular question in it. Thus, any errors 
or slips made in the working* procedures or in the final 
answers wonId not be penalized provided that they were 
accepted to be conceptual]—y correct. For instance, in 
Quest ion 9 ( see Fi gure 6)，a strident had correctly calculated 
the v-coord i na t:e of the point T but a slip was found as she 
mistook the y-intercept of the line I] (i.e. the y-coordinate 
of Y ) for it in her subsequent working. In this case, the 
student was awarded a full score for the question. As a 
result of the test, the students scored an average of 11 out 
of the maximum 20 ranging from the highest of 20 to 七 h e lowest 
of 2. The full record of students' scores is included in 
Appendix 2. 
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Given in the figure two line equations and XY=YT. If TK 
is horizontal (being parallel to the x-axis ) , find the length 
of TK. 




A s t u d e n t ， s w o r k i n g : 
Because Lj^  cuts the y-axis, so x=0. 
1丄：4x-2y+5=0, 4(0)-2y+5=0, 2y=5, 
y=2 . 5 
1
 I 
Because XY=YT, so tne y-coordinate 
of T is 5. 
4x-2f 5) + 5 = 0 
4x-10+5=0 
4x=5, x = 5/4. Therefore , 
. “ the coordinates of T is 
(5/4,^/^)) [SLIP OCCURS HERE) 
Figure 6. An example of how the procedural slip was ignored in 
scoring the initial test. 
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4 , 3 , 2 A
 PROFILE OF EXPERT STUDENTS AND NOVICE 
STUDENTS 
From the test, the two groups of students (the expert-




 a n d
 the novice-student group) were identified. 
From the statistical vi e w p oint， these labels of the two groups 
of students are somehow justified by the extreme performances 
they demonstrated in the initial test. And indeed, the scores 
obtained by these two* groups of students were found to be 
lying beyond the range of "mean 土 1.5 x standard deviation" 
(see Appendix 2 ) . Table 2 describes 七 h e general profile of 
these students. • 
Table 2. A summary profile of expert students and novice 
students 




 : Male, [5203] : Male 
repeater<C> non-repeater 
c 
test score 二 20 test score = 5 
[5232] : Female， [5236] : Female, 
repeater <C> non-repeater 
test score = 19 test score = 3 
[5224] : Male, [5212] : Male, 
non-repeater non-repeater 
test score = 18 test score = 2 
a
 [ ] denotes the student number 
b < > denotes the grade in General Mathematics that the 
repeater (see p.45 for the explanation of this term 
used in the educational context of Hong Kong) has 
obtained in the public examination (1993). 
c
 The maximum score of the test is 20. 
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 A PRELIMINARY DISCUSSION ： EXPERT 
STUDENTS VERSUS NOVICE STUDENTS 
Based on the results of the initial test, the expert 
students appeared to outperform the novice students 
remarkably. Despite some minor slips in the working, the 
three expert students demonstrated that they mastered well the 
hasic conceptual knowledge as required for answering the 
questions in the test. The working of the novice students was 
characterized by the display of incomplete or partial 
procedures for the. solutions, indicating a plausible impasse 
that might have occurred during the process of solving the 
problems . 
For instance, consider the question 3: "Four vertices 
A,B，C，D form a plane figure in the x-y plane such that 
A=(1,5) , B=(4，2), C=(7,2 ) , .and D=(4’5). Find its area". This 
‘ • I 
problem requires the students to find the area of a plane 
figure with four known vertices. First, the expert students 
drew their own sketches based on the given information, and 
second, they successfully applied the concept of parallel 
lines and the property of parallelogram in finding the 
required area. However, none of the novice students could 
find the answer for this question. Among them, only student 
[5203] demonstrated that he had the knowledge of using a 
properly-drawn sketch for solving the problem. (Unfortunately, 
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h e m i s t
°
o k t h e a r e a o f
 triangle as the required solution) . The 
student [5236 ] did have an attempt of making a sketch for the 
problem; nonetheless, she failed to convince herself that the 
pLane figure was a parallelogram from the calculations of 
slopes of its two opposite lines or from the sketch itself. 
The last novice student「5212] attempted to rely on only a 
partially-memorized procedure of using the determinant method 
(with no diagram shown ) to f ind the required area but without 
success ( leaving behind a complicated but incomplete working 
procedure ). 
The phase one paper-and-pencil test provided only a crude 
idea of the nature of the students, misconceptions. 
Nonetheless, it served the purpose of identifying the 
candidates for the phase-two interviews as well as providing 
some clues for the preparation of questions for the 
interviews . For instance , the students' responses to Question 
i 
2 of the initial test (see Appendix 1) reveals that the 
logical connective “and
M
 might be overlooked by the students 
or mi.ght even be absent from many of their conceptions of 
point coordinates in defining uniquely a point on the x-y 
plane (many students wrote down "x = -1 or x=2" as the answer 
for Question 2). Moreover, the students' working for Question 
7 of the initial test suggests that the perceptual effect 
might have a role to play in deciding for the very strategy to 
be used in a particular problem situation (quite a number of 
-62 - 、 
students took the dotted Line MN shown in the given diagram of 
Question 7 as vertical without making a serious consideration 
from mathematical, aspects ). 
4.4 PHASE TWO ANALYSIS 
Six subjects , comprising the three expert students and three 
novice students, helped identify their mental representations 
of conceptual knowledge in coordinate geometry by taking part 
in the task-based interviews. The first interview, consisting 
of 9 questions (see Append ix 3), provided rich descriptions of 
students' thinking in terms of the transcribed protocols. To 
further clarify these descriptions, the subjects were asked to 
attend a second interview in which they were required to 
answer 18 questions ( see Append ix 6). As the second interview 
serves mainly for the purpose of clarifying (the results of 
first interview) and testing hypotheses generated from the 
. I 
first interview, the full text of the subjects verbal 
protocols would not be included in this report. However, parts 
of these protocols are referred to wherever they are 
considered to be relevant to the discussion. 
In the first subsection, the construction of students' 
mental representations based on the protocol data and 
information obtained from the two interviews is discussed. 
The second subsection is devoted to the discussion of the 
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contrast between the two groups of subjects based on their 
inferred knowledge representations. In the first interview, 
some hypotheses were generated. An attempt was made to test 
these hypotheses in the second interview. These processes are 
discussed in the fina] subsection. 
4.4.1 CONSTRUCTT NG STUDENTS ' KNOWLEDGE 
REPRESENTATIONS 
攀 
As reported in Chapter 3， the six subjects who took part 
•individually in the task-based interviews were asked to think 
aloud while they were answering the questions. Their 
protocols were then tape-recorded and transcribed. As the 
subjects used Cantonese (with some mathematical terms in 
Engli sh ) to express their thoughts, the original version of 
the protocols were transcribed from Chinese (see Appendix 4). 
For the purpose of this study, however, the protocols have 
i 
been translated literally into English (see Appendix 5). A 
schematic frame is shown in Figure 7 to present an overall 
picture of how the subjects， knowledge representations were 
established by . inferences based upon the information drawn 
from the interviews. Figure 7 shows that a plausible 
knowledge representation might consist of foiir components 
incorporating the mental representations of the four concept 
domains, namely, parallel lines, slopes, intercepts, and point 
coordinates . 
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PARALLEL LINES a 
( i I 1
b
 : <1,2，3>C \ CI (the first 
V [11] : <1，3，7〉 J component) 
\ f  1 : < 6、 
\ Uj : < j 8 >J 
SLOPES 
/[ I ] ： < 6 , 7 > \ C2 (the second 
U II1 : 2(c.)，9-11，16，17/ component) 
—— 
INTERCEPTS ([I] : <12-1 5 >)\ 
/[I] : <8> \ \ C3 (the third 
\I 11 ] : < 2 ( a.) , 2(h) >1 \ component) 
—— 
POINT COORDINATES 
/[I] ： < 4 ， 5 、 C4 ( 七 h e fourth 
U11 ] : <8> I component) 
Figure 7. A schematic frame of constructing knowledge 
representat ion• 
a
 ( ) indicates the sources of: information from which the 
inferences provide the evidences for a particular 
component or linkage. 
b
 [ ] denotes the interview number. 
c
 < > denotes the question number for the corresponding 
interview . 
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4.4.1a MENTAL REPRESENTATION OF <PARALLEL LINES〉 
NOYirjE STUDENTS 
From the novice students' protocols of the first interviews, 
a clear picture of how the subjects made inferences based on 
t.heir own mental model was obtained. In the case of judging 
whether two lines are parallel from two given equal angles, 
first consider the protocols of [5203] and [5236] in answering 
Question 1 during the first interview. Their protocols are 
shown in Table 3 and Table 4 respectively. 
Table 3. Protocol of novice subject [5203] for Question 1 of 
the first interview. 
PROBLEM: In the figure shown, determine the lines which are 
parallel to each other. 
Z 7 z 
- . 1 . 1 ‘ 
[Read the problem and then mark in the diagram the angles x, 
y，z，• a, and c ] 
I t Xn the figure, x equals to 44° ， vertically opposite 
angles• 
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2. Therefore, y = 180° - 4 4 ° = 13 6° • 
3 . Whereas a = 180° - 44° = 13C：；0 
4. Because a equals to y, 
5
 • Therefore Ljl is parallel to Lo • 
6. c = 180
o
 - 3 3° = 1:.47
0 
7. z = 147° 
8. Because z = 14 7° and c = 147°, 
9. Therefore L2 // L4 . 
10. [Interviewer] How did you reason in deciding for the 
parallel lines? 
11. [Subject] based on their angles . 
12. [I] Which angles did you use for your argument? 
13. [S] The an1 es foi?rned by each line segment. 
14. [I] How did you make use of the angles in considering the 
parallel lines? 
15. [S] Two angles formed by a line [intersecting with a 
horizontal line] equal to another two angles formed by 
another line [intersecting with the horizontal line]. 
16. [I] In a diagram, could you show which angles are equal 
with two given parallel lines? 
2 l| 
17. [Subject is drawing the diagram ] 
Suppose Lr II Lg ， the angle e will equal the angle f. 
18. [I] But what is the use of mentioning this pair of equal 
angles in considering parallel lines? 
19. [S] Suppose the angle of inclination of Lg is 50° , we 
can find h to be 130 . And if given the angle e 七 o be 
130°, we can get g as 50°, so we know how these angles 
are related. 
20. [I] Suppose the angle e is 50 , would you consider these 
wo lines are parallel [by referring to the figure ]？ 
21. [S] Depend on the angle on the other side of the lines. 
I have to find out the angles h and % to see whether 七 h e y 
are equal or not. t 
22. [I] Suppose you find both g and h are equal to 130°, 
would you consider L^  is parallel to Lg ？ 
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23. [S] Depending on how the horizontal line cuts across 、 
and Lg . 
2 4
'
 t I ] Wel1， h o w -化 this diagram, with only g equal to 50°, 
can you be sure these two line segments are parallel? 
25. [S] [Pause] I don't know. I'm not sure. 
26. [I] If you cannot be sure, how would you do? 
2 7 [ S
] I ' 11- try to find out all the other angles. 
28. [I] Do you mean that you have to find out all the four 
angles formed by each of the line segments with 七 he 
horizontal line? 
29. [S] No, two angles on each side will be sufficient. 
30. [I] Now suppose in this diagram




°， Do you think is parallel to Lg ？ 
31. [S] [Pause ] is parallel to Lg ， b e c a u s e they have 
equal slopes . 
.
1
 The diagram is : , ^ 3 U 
/ I x / ！ 
2 
The dia.gram is : 
！ 
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T a b l e 4
.
 P r o t o c o 1 o f
 subject [5236 ] for Question 1 of 
the first interview 
•圓 
[The problem is same as that shown in Table 3 on p.66] 
[Read the question] 
1. On the left-hand side of L2 ， [the angle] is 147° • 
2. 180° minus 147° equals 33° ， so L2 = L4 [Subject has 
misused "equals" to mean "parallel to"]. 





 i s 4 4
° [
t h e
 angle between I,3 and the x-axis]. 
5• [.. . Long pause . . . ] 
6. 180° - 44° ， possibly Lx is parallel to L3 • 
7.. [ . . . Mumbl ing . •.] 
8. [Write down the answers] 
9. [ Interviewer] How did you justify Lj^  // Lo ？ 
10. [Subject] [The angle by] using 180° minus 44° up above 
L
1 equals to [the angle by] using 180° minus 44° on the 
right side of L3 ， therefore h1 // L3 • 
11. [I] Why didn't you make this conclusion by saying 
directly that "it is because the angle up above L^  
equals to the angle on the right side of Lo "？ 
12. [S] I d o n 1 1 know . I have been thinking 'of here [Subject 
refers to the situation where she has successfully shown | 
that "L2 = L4 "] using 180° minus this angle. I think 
now the situation is a bit more complicated for L^  and 
Lo , so I want to get a proof on this by using 180° 
minus 44° “ simultaneously [for L^  and L^  ]. 
13. [I] What reason did you use in showing L-^  // L^  ？ 
14. [S] . . . I don
 1
1 know. 
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F r
°
i n T a b l e 3，We 兆e that the subject [ 5203] began by 
reasoning with "vertically opposite angles" (line 1) which 
appeared to be most familiar to him. This seems to be a right 
approach for examining whether the lines L. and L, are 
• 丄 O 
parallel or not. In lines 2-3， however he attempted to find 
out the "adjacent angles" of 44° and then, drew the conclusion 
that Lx // L3 (lines 4-5), which is no七 correct. In showing 
that L2 // L,}，he began by finding out the angle c (which is 
the obtuse angle between L4 and 七 h e x-axis) as can be seen in 
line 6. Instead of reasoning with corresponding angles to 
a r r i v e a t t h e
 conclusion (L2//L4 )， he took an indirect route 
of finding the "vertically opposite angle" of the given angle 
147° ( in lines 7-9 ). 
In lines 10 through 15， we see that he was thinking of two 
• S 
pairs of equal angles in making justification for a pair of 
j 




and 19 show that he has li t t le idea of using the geometrical | 
I 
properties of parallel lines in telling the relation between 
the angles. In lines 20 through 29，the interviewer led the 
subject through a process of clarifying what conceptions he 
really has in judging whether two lines are parallel or not. 
It appears that he has his mind set on DOUBLE EQUAL ANGLES 
(i.e. two pairs of equal angles produced by two lines 
intersecting with a horizontal line) for a justification of 
parallel lines. In lines 30 - 31, the subject's response to 
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the diagram (with the angles deliberately drawn out of place 
by the interviewer ) suggests that he was reasoning from any 
two pairs of equal angles for parallel lines. The reason he 
gave in line 31 is a false justification of what he was 
actuallv thinking of . 
From Table 4, the second subject [5236] began with a proper 
procedure for showing that the lines L2 and L4 are parallel 
(lines 1-2 ) . It appears, however, that she has come across 
some difficulty in judging whether L^  and Ln are parallel or 
not. This can be seen from her long pause and mumbling during 
the interview (lines 5 and 7). In lines 3 through 8， she 
finally gave the conclusion that L^  // L^  without telling the 
interviewer explicitly enough what the inferences she had made 
were. The interviewer's request for a justification of this 
if 
conclusion revealed that she had made use of the procedure j 
1 
(180 minus the given angle) similar to the one she used for 
L2 // L^  (lines 9 -12 ) . The last argument she gave in line 1 2 丨 
seems to be derived from a similar reasoning as that provided 
by the subject [5203]. That is, she was not very secure in 
her implicit reasoning without knowing “ two pairs of equal 
angles", as she failed to provide a clear justification of 
what she did for a proof of L^^  // L3 (lines 13 - 14). 
Based on the above discussion. Figure 8 suggests a mental 
representation with which the two novice subjects [5203] and 
[5236] were making inferences in providing a justification of 
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. . • « . 
Figure 8. Mental representation expressed as a mapping of j 
subjects， response to a given problem into mental model for 
"parallel line" identification task. 
-72 - 、 
As illustrated in Figure 8, the representation is mapped 
i n t
°
 t h e C
°
r r e s p o r i d i n
^ se g m e n t s of the problem situation being 
represented. For the purpose of this study, the mode of 
representations is not restricted to any particular one (e.g. 
i m a g e s o r
 Propositions) but is dependent on the task demand 
itself. Thus, for instance, the representation in Figure 8 in 
the form of a mental image of graph serves as a plausible mode 
for its referent. 
The last novice subject [5212] began by identifying the two 
given angles (i.e. 44° ) with which he said,“乙丄 is parallel j 
to L^  , because both these two angles are 44° [EQUAL ANGLES], 
[and so] the slopes [of these two lines] are equal." 
Nonetheless, despite the false rationale he made for the case 
of Li and L^  ， he cou.ld make use of the conception of 
(correspond ing) equal angles in showing L2 //L^ . 
I I 
EZPEKT STUUEWTfJ 
For the three expert subjects， it seems that they have no 
particular difficulty in answering Quest ion 1 of the first 
interview. A typical protocol of the expert students for this 
task is illustrated by the protocol of [ 5232] as shown in 
Table 5. 
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Table 5. Protocol of expert student [5232] for Question 1 of 
the first interview 
•'‘*-
1
—- — ‘ •"  • — 一•Lr，=i_r?^_”i-"，- “ —— —— 
j. 
[The problem is same as that shown in Table 3 on p.66.] 
[Read the question] 
1. [ Interviewer] How did you find out h2 "L4 ？ 
2. [Subject ] The [acute] angle between L2 and the x-
axis， which is 180° -147° 二 330， is found to be 
same as that of L4 • Therefore, L2 // L4 . 
3. [ I] Besides this f L2 "L4 ] ， w o u l d there be another 
pair of parallel lines? 
I 
4. [S] No. 1 
「). [ I ] Do you th ink Lx "L 3 ？ 
6. [S] No. Because the [acute] angle between L^  and 
y-axis is 44° . hence the [acute] angle between Lj, 
and the x-axis is 90° - 44
p
 = 46° ， w h i c h is | 
different from that [the acute angle between Lo and 
the x-axis]. 
As the subject [5232] began reading the question, she soon 
j 
wrote down the answer on the paper: “ 180° - 14 7° = 33° ， 
L2 //L^ • " As Table 5 shows that the interviewer needed to 
probe into her thinking； with further questions. In line 2， 
the subject [5232] , like all other subjects, successfully 
identified the equal angles as required for showing //L4 • 
In line 4， she was certain that no other pairs of parallel 
lines could be identified in 七he question. The expert subject 
finally provided typical procedures for finding the angle 
(i.e. 46° ). 
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F 1 g U r e 9 S h
°
W S t h e
 Problem situation of Question 2 for the 
first interview. All the three expert subjects correctly 
a n S W e r e d t h i s
 ^estion. Among the three novice subjects, only 
[5236] could solve the problem. For the other two novice 
subjects, they made a mistake in finding the acute angle 
b e t w e e n t h e l i n e AB
 and the y-axis for the required angle. 
Apparently, these results suggest that the novice subjects 
were quite confused with the conception of parallel lines as 
defined by "equal angles" when posed in the context of a x-y 
plane. The performance 七he subjects demonstrated in Question | 
2
 appears to be quite consistent with their own mental 
representations as discussed above. 
I 
T F 
A PROBLEM : 
Z Given AB//CD. I 
Find the angle 9 
Z ———_ 
125VX ' 
(_ ! .. I 
B x — 
^^ C Success r a t e : 
y f 0 100% (expert subjects) 
^ ^ * 33 % (novice subjects) 
D . __— — 
__ _丨••. - —.-—一-—――——,—一—一—--一—•.一-一——一•…一• - •1 ‘ 1 • 1 
Figure 9. The performance of the two groups of subjects (3 in 
e a c h group) in doing the problem of Question 2 in the first 
interview . . I 
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I n Q U e S t i
°
n 3 ( S 阳 10 ) of the first interview, the 
t W
°
 g i V e n l l n e S W e r e
 deliberately drawn very close to parallel 
l i n e S
'
 U n l i k e
 Q"e s t i o n s 1 and 2, this question does not 
require the subjects to justify the lines which are parallel 
(in Question 1) nor given two parallel lines for them to find 
an unknown angle (as in Question 2). As a result, all but one 
of the subjects managed to find the angle as required (as 
shown in Figure 10). 
y I 
/ / i 
/ Z PROBLEM : r = ? j 
AL/S i 
〔 1 y^ 1 
Z x J 
_^_I 
Success rate : | 
.1 
100% ( expert subjects ) 
6 7% ( novice subjects) 
Figure 10. The performance of the two groups of subjects (3 in 
each group) in answering Question 3 of the first interview. 
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In doing Question 3， the subject [5203] began by saying 七 h a t 
"first I want to know whether these two lines are parallel". 
Then, he made a correct conclusion "I found that these two 
lines are not parallel" but based on incorrect reasoning that 
the two angles marked in Figure 11 were found to be unequal . 
The subject's confusion towards the relation be七ween the 
angles finally led him to provide an erroneous answer for the 








e / Reasoning of [ 5203]: 
广 J A / — v 13= 180° - 38° = 142° | 
/ x 9= 180° - 53° = 127° 
/ 38/ ... These two [ given] lines 
, , 二 二 — — 







 MENTAL REPRESENTATION OF <SLOPES> 
The conceptions of slopes (or gradients) are characterized 
by their magnitudes and directions and of how these are 
interpreted analytically. 
In the first interview, Question 6 reveals that all the 
subjects have no difficulty in using the formula "(y2 - & ) 
/ (x2 - xx ) " to find the slopes. However, two subjects (one 
expert subject and one novice subject) made similar "careless" 
mistakes by reversing the order of and x2 in the 
i 
denominator in their calculations. This kind of slip might be 
due to students overlooking the basic concepts of point I 
. 
coordinates (which are discussed in Section 4.4.Id). Even 
‘ 
though the subjects know how to use the formula to calculate 
the slopes, this does not necessarily imply that they have a 
complete understanding of the conception behind the procedures 
‘ J 
(See Table 6). 
I: 
In Table 6, the subject began by employing the standard 
procedures to work out the slopes for the problem ( lines 1-3 ). 
In response to the interviewer' s further request for a 
.justification of her answer (lines 4 and 6), the subject' s 
protocols suggest that she was not aware that "equal slopes" 
serve as a n e c e s s a r y c o n d i t i o n only for the given line L to 
^et through a pair of given points. That is, the subject does 
not have a complete understanding of "equal slopes" which 
imply the condition for " col 1 ineari ty" as well as for 
"parallel lines". • 
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Table 6. Novice sub iect r i^? i ^  . . 
, , -
C t l 5 2 3 6 ] s
 Protocol: Interpretation of 
slopes for determining whether « l、。 丄， 
. y wnexntr a line may pass through two 
given points . 
~•二一 ,_ -— 
• — _ I 
—~ - = = = = ^ = = ^ ^ ^ ^ , ^ , 
PROBLEM : Given that the slope of line L is 1½ , the line L 贴y 
pass through 
(a) f-3,0) and (0,4) [True or False?] 
( b )
 (
9，8) 。 ， 5 ) [True or False?] \ 
— i 
• i 





 T h e
 formula of slopes is given by ( j 2~ yx )/(x2~ 
X
1 ) • I 
I 
2
 ' Then， I substitute the values from (a) into the 
formula and find 七 h a t the slope is Vh ’ thus, (a) 
is true . . I 
3. [Similarly], I get for part (b), therefore (b) is 
false. I 
4. [Interviewer] As you found out the slope by 
calculation for fa) equals to th洤 slope of given 
line L, does this imply that the line L MUST pass 
through these two given points? 
5. [Subject] Yes. If they [ the lines] have equal 
si opes, it is impossible for L not to pass through 
[the points ]. 
6. [I] I f both parts (a) and (b) were true, do you 
think that the line L will pass through the points 
(-3，0 ), (0，4)，（9，8 ) and (5，5) at the same 
t i me? 
7. [S] Yes . 
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I n Q U e S t l 0 n 7 o f t h
e first interview, the subjects were 
a S k G d t 0 d e c i d e w h i c h
 ^ the lines being drawn in the first 
quadrant of a x-y plane has the greatest slope (see Appendix 
3). The expert subjects' responses were characterized by 
distinguishing the aspects of "direction" and "magnitude" in 
their considerations. They all considered the line q as the 
° n e W i t h greatest p o s i t i v e slope. However, subject [5224] 
p o i n t e d o u t
 explicitly that "If the signs of the slopes are 
not considered, then [the line] L4 would be [the one of ] 
greatest slope". For the novice subjects, they all chose the j 
« j 
1 i n e Ij
4 as their answer. It appears that they either have not 
taken the signs of the slopes into considerations or have a 
misconception of the signs of slopes. The protocol of subject 
[5236] as given in Table 7 unfolds her misunderstanding in 




In Table 7， the subject be钇an her searching bv looking at 
the line which appears to be horizontal (1 ind 1 ) . In lines 2-
3， she gave the answer after making comparison of the ] 
steepness of the lines. In responding to the request of the 
interviewer for a justification of her answer, she did not 
mention anything about the “slope effect" but said that it was 
.just a matter of perceptual intuition (lines 4-5). In lines 
6-7, the response to the interviewer's further request for 
information of how she understands the signs of slopes 
suggests that she would consider the slopes of all line 
segments drawn in the first aua±rant of a x-y plane. 
Nonetheless, line 9 suggests that she might have a different 
a n s Wer (or might have changed her answer) if she has a proper 
understanding of the signs of slopes. 
- 8 0 -
Novice subject [5236]>s protocol: Misunderstanding of 
the sign of slopes. 




[Read the Question] 
I 
1. [Question 7] L2 should be [the one] of the smallest 
[slope] . I 
I 
2. It appears that L^  and L3 are not very steep. 
3. L^  should be the steepest. 
4
 • [ Interviewer] In this question, without any 
. p 
numerical values given, how did you judge which 
line has the greatest slope? 
. . f 
5. [Subject] Based on my own perceptual intuitions. 
6. [ IJ Among these four given lines, which one do you | 
think has a positive slope and which orie has a 
negative slope? 
7. [S] All the slopes of these lines should be 
positive, because the ir x and y [ the coordinates of 
the points on the lines] are all positive. 
8. [I] Suppose in these four given lines, the slope of 
one of these lines is negative, would this have any 
effect upon the thinking of your answer? 
9. [ s ] Yes, because "negative slope" is less than 
"positive slope“. 
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4 . 4 . 1 c MENTAL REPRESENTATION OF 〈INTERCEPTS〉 
The concept of "intercepts" essentially includes an 
understanding of how the coordinates of the points are defined 
°
n t h e a x e s，trough which a line is cutting across. 
In doing Question 8 of the first interview, most of the 
subjects ( including a novice subject) did not have much 
difficulty in finding the coordinates of the points which give ： 
the intercepts of a given line cutting across the two axes. i 
I 
However. Tables 8 and 9 reveal the nature of difficulty that j 
the two subjects, [ 5203 ] and [ 5236 ] , had experienced in | 
answering this question. 1 
I； 
• 丨 • II I 
_ I I I I I I 
In Table 8，七he subject [5203] began by finding the slope of 
I 
the given line (line 1 ) . After the slope was found, a long 
I' 
pause then followed (line 2). In lines 3-4 , he finally 
i 
applied the concepts of "y = 0" for the point on the x-axis and 
j； 
"x = 0" for the point on the v-axis to the formula of slope. 
Though he obtained the correct answers for the coordinates of 
the points on the two axes ( line 5)，he made a mistake (line 
4) in equating the numerators and the denominators on the both 
sides of the ratio.(i.e. y /(-x )=-3/4, therefore x =4，y =3). 
Perhaps, this mistake could be avoided if he applied the 
concepts of intercept at the very beginning directly to the 
given line equation. 
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Table 8. 
Protocol of novice subject [5203】：Finding 
intercepts from a line equation. 
“ ‘ “ ― ‘ 一 . . . - ‘ . - r > a r = ： • • 二 r r ^ s r r a r r : : 
=^.:: 工r=m•二 j 一 •二.—-t^nr^ r^nsr:^: -^， 
PROBLEM: In the figure shown, it is given that PQ = QR. 
Find the coordinates of P, Q, and R. 




^^H “ . • • • 
f Read the problem]
 1 
• J; 
1. As given 3x + 4y = 5， then y = (-3x 一 5)/4, and the 
slope = - 3/4 . 
2 . PQ equals QR [••••] 
3. Let H = (x” yt ) , Q = (x2, y2 )) 
hence (y2 一 y^  )/(x2 一 X1 ) 二 -3/4, 
4. And (v2 - 0)/(0 - x1 ) = - 3/4，thus = 4, y2= 3. 
5 . So R = (4，0)，and Q 二（0 , 3 ). 
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Table 9. 
Protocol of novice subject [5236]: 
Finding intercepts from line equation. 
== — 
[The question is same as that shown in Table 8.] 
[Read the question] 
I. From the slope formula, m = ( y2 - ) / ( x 2 一 X ; L )• 
2
' Given 3x+4v=5, 3x=5-4y, therefore x = (5-4y)/3. 
3. Substitute x into the formula for m， 
we have m = (y2 -y丄）/(〜-(5-4y)/3). 
4. t ] ‘: 
5. [Interviewer] Can you find out the y-intercept of 
the line 3x+4v=5? 
6. [Subject] I cannot. because v=(5-3x)/4. . 1 
7. [I] Can you find out its x-i ntercept? I 
8. [S] I cannot. 
9. [I] Suppose the y-intercept of this line equals 3, 
could you write down the coordinates of Q? | 
10. [S] I don
5
1 know how to do it . { 
II. [I] What is "y-intercept"? 
12. [S] The value of y of a line equation. | 
13 . [I] What is "x-intercept"? 1 
I 
14. [ S ] The value of x in the line eqiiat ion. 
In Table 9， subject [5236] again began by retrieving from 
memory the formula of slope (line 1). In lines 2-4， she was 
stuck after working blindly with some algebraic manipulations . 
Her responses to the interviewer's questions (lines 6 and 8) 
indicate clearly that she did not know how to find the 
intercepts from a given line equation. The subject even did 
not know how to write down the coordinates of the point on the 
v-ax.is with known v-intercept (line 10). 
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F i n a l l y
'
 l l n e S 11 卯 扑 H，the protocol suggests that 
S U b
.
i e C t C O U l d
 “ 时 卯 。 P e r l y define the "x-intercept" and 
Pf'. This Provides evidence that an incomplete 
understanding of the concept of intercept is a m a j o r source of 




 MENTAL REPRESENTATION OF <POINT COORDINATES〉 
Q u e s t l o n s 4 a n d 5 o f
 ^e first interview were intended to [ 
test the subjects' understanding of point coordinates and how ! 
the concepts were made use in solving the problems. Full 
acquisition of the basic concepts of point coordinates implies | 
• I 
that the subjects know how a point is uniquely defined by an 
I 
ordered pair of coord.i nates. However, it was found that the 
expert subjects performed not much better than the novice 
subjects did in these two questions. * j 
I 
In Quest ion 4 ( see Appendix 3)， two subjects (one expert 
subject and one novice subject) attempted to solve it the hard 
way by means of- a purely analytical approach (using "distance 
formula”）. Both subjects [5232] and [5212] employed similar 
procedures as shown in Table 10. Nonetheless, the expert 
subject [5232] even did it more poorly by making a careless 
but serious mistake in taking (0,y) as the coordinates for the 
required point, Q， which lies on the x-axis. 
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Table 10. 
Protocol of novice subject [5212] : The "hard" approach 
for solving Question 4 of the first interview. \ 
"* • -::::二 -r—r-： rr-rr.—-^tt . -TT-Z^. 
PROBLEM : Given that OP = PO, find the coordinates of Q. | 
y 丨 
^― - X I 
0 Q X J 
. '. I 
I 
r 
[Read the question] j 
. I' 
1. The coordinates of [the point]〇 is (0,0)， and the 
point P is (4,5). j 




2 = / 4 1 . j 
3. And PO = OP， therefore PQ also equals YiT. 
4. As the coordinates of Q are not known} let Q= (x, 0 ). 






 -8x+16 + 25 









0 二 x(x-8) 
x = 0 or x = 8 
6 . Therefore， Q = (8，0)• 
z^zz'i —“.trs^^m^J—^二：-：：-“^^^^ ‘^二 一一“—•—',=z = • 
-86 -
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The rest of the sub.iects made use of the more basic 
conceptions of point coordinates and geometrical properties 
(such as the Properties of congruent triangles) in tackling 
the Problem. Table 11 shows how this "basic" approach was 
employed by the expert subject [5224]. 
Table 11. 
Protocol, of expert, sub.iect [5224] : The "basic" approach | 
for solving Question 4 of first interview. I 
[The question is same as that shown in Table 10.] 
[Read the problem] I 
1. Given P(4,5 ) OPQ is an isosceles triangle. I 
2. Thus, Q is (8,0), [because] the x-coordinate of P 
is 4 and the x-coordinate of Q is twice that of P, 
that is, [the length of OQ is] 4 plus 4. 
. I 
二 二 — s^^rrr ••rsrrTnrrsr^m^rEiarzrsrritsrsTsr^rrsrrtsr^r ！ 一 — 一 一 — _ 
I 
I 
Tab 1e 11 illustrates how the problem could be solved more ！ 
j 
I 
effectively via the use of the basic concepts of point 
coordinates and geometrical properties. Novice subjects 
[5203] and [5236 ] took a much longer time in doing their 
mental search ing for the right approach to the problem. Table 
12 shows how the struggle between the "hard" approach and the 
"basic" approach was experienced by the novice subject [5203]• 
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Table 12. 
Protocol of novice subject [5203]: 
The struggle between the "hard" approach and the "basic" 
a P P r
°
a C h f
°
r
 ^ - t i o n 4 of the first interview. 
：二“7 -^^ ^："：：:"^ ::-^ ^^ "^^ ^： 
[The question is same as that shown in Table 10 on p.86.] 
丨 Read the question 1 j 
1. I want to find out some formulas [which enable me ] ！ 
find out the coordinates of Q. | 
2. Q lies on the x-axis [ . . . ] 





 ' • • muinblin弯]yz -y, ， x之一x、,..., 
5
 ' This length [from the x-coordinate of P] is 4，and 
this length [from the y—coordinate of P] is 5. 
6. Because these two line segments are "parallel" I 
[they should be "equal"], so these two line 
segments "a" and "b" equal [referring to the line 
segments of 00 as bisected by the perpendicular 
line dropped from the point P]. 
9. What formula can I use to find the point Q? f 
10. f. ] 
11. a+b = c，c.+ 8, 0=(8,0). 
12. But I am not sure whether this answer is correct or 
not.-
13. [ Interviewer ] Why were you not certain of your 
answer? 
14. [Subject] Because I could not think of any 
appropriate formula in finding out the coordinates 
of Q. ( :, 
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In Table 12， the subject began by searching for a formula 
directly applicable to the problem (line 1). In lines 2 
through 6， he was confused in his thinking and seemed to be 
getting lost in his search from memory. After the elapse of 
a long pause, he resumed his thinking by considering some 
basic concepts of coordinates and geometrical properties 
(lines 7-8). Nevertheless, he st i l l believed that he should 
have a formula for findj ng the coordinates of the point as 
required (line 9). After a moment of silence ( line 10), he 
finally managed to write down the answer for the coordinates 
I 
of the point, Q (line 11). 
• • , I 
Even though he has arrived a t the final answer, it appears 
that he was not sure of it (line 12). The subject's protocol : 
. 
in line 14 seems to suggest this comes from the formula-driven 1 
rather than concept-driven nature of his thinking towards a 
； 
problem . 
• . t 
.I 
Question 5 ( see Appendix 3). of the first interview consisted 
of a more detailed examination of the subjects * understanding 
of point coordinates in terms of the concept of ordered pairs 
of numbers. The notation of point coordinates determines the 
location of a point in a coordinate system. An understanding 
of this conception requires the knowledge of uniqueness of 七 h e 
point which depends not only on the numerical values of its ；;•‘ 
coordinates but also on their orders. Thus, in general, (a,b) 
/ 
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( b , a )
 ^ ^ ^ - i n t s in the coordinate s V s t e m . 
T h G S U b j e C t S
'
 S
 b ^-stion 5 are shown in Table 13. 
Table 13. 
Sub」ects， responses to Question 5 of the first interview. 
一 - ^ — — ^ ^ ^ ^ ^ 〜 ― 
,-rrrrrr: 
PROBLEM : CUven Two points A (m,n) and B(p,q). j 






Novic_e subjects Expert sub.iects 
[5203 ][ 5236 ][5212] [5210 ][5232][ 5224] 
(a) m = q and n = p (v/),(X ) (X ) i (X) (X) (X) 
(b) m+p = n + q ( v^  )* (X ) (X ) (X) (X) (X) 
(c) m.p = n.q ( v/) * (X ) (X ) (X) (X) (X) 
(d) m = p or n = q (X ) ( v/ ) * {y )* (X) (/)* (/)* 
{ e ) ！ = 丄 ’ ( X )* (Z) (X)* W) V) i 
q n . 
a 
The brackets with an asterisk (*) denote erroneous responses. 
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Table 13 shows that most of the subjects considered the 
ideas of lameness of numbers" and "order of number", but they 
°
V e r l 0 0 k e d t h e o f 让 日 logical word "and “ to complete the 
conception of point coordinates as in defining a point 
uniquely on a x-y plane. 
Moreover, in answering- this question , the novice subjects j 
attempted to make use of some particular numerical values to 
check against the validity of the statements as given. On the f 
other hand, the expert subjects made their decision based on I 
the consideration of general aspects. For instance, novice 
subject [ 5203] said , “ Suppose that the coordinates of A, B 
are ( 1，1 )，so (b) is correct" . Even when the interviewer 
j. 
asked him to justify the case in which "m and n, p and q 
represent pairs of distinct numbers", the subject responded 
that "it can't be, because A and B represent the same point, 
‘ | 
they [ the numeric.ai values of coordinates ] must be the same". 
• i 
The expert subject [5210] , however, made general 
. I 
justifications for his answers such as : "(a) is wrong, 
because A and B represent the same point, that means m=p, n=q, 
only in some special cases would the condition of m=q and n=p 
be satisfied . (b) is also incorrect, since m is riot 
necessarily equal to q, and n may not equal p". 
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4.4.le KNOWLEDGE REPRESENTATIONS 
^ ^ °
n t h e l n f e
— 贴 如 f r o m the verbal protocols as 
discussed above, the subjects' .ental representations of 
conceptual knowledge i n roorH i ^ . , 
J n
 coordinate geometry were drafted as 
described in this subsection. j 
F
°
r t h e p u r p
°
s e o f
 constructing the inferred knowledge 
S t r i l C t U r e
'
 t h e r e
 we no restrictions in the use of | 
representational modes. For instance, the use of pictorial- I 
mode of representation does not imply that the subjects ^  
j 
mental representat3ons are necessarily in the form of visual 
j 
imagery. Rather, it serves as a plausible mode of 
representing the subjects' thinking in the domain of 




In showing knowledge structures, the focus is on the 
representation of conceptual knowledge. Nonetheless, as 
j . 
conceptual knowledge might not exist in isolation from the 
working strategies involved in the problem-solving process, 
the procedures that the subjects have used are also included 
in a tag form > { }. 
As a mean of assessing subjects' knowledge structures, the 
schematic representation of a mathematics teacher's knowledge 
structure in the concept areas under study had been 
constructed . It was found that the expert subjects' knowledge 
structures were rather similar to the teacher
5
 s representation 
in these concept domains. Thus, only the typical knowledge 
represen tat ion of an expert sub.ject is shown (Figure 12). 
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Figure 12. A typical knowledge. representation of an Expert 
subject for conceptual understanding in coordinate geometry. 
. . . . - , .、,:， • ,,.、二’ ., : • 
1 ' - • ' .. '
 ; 
The expert subject [ 5232] mad 忐 an error by wi-itih| ( a j 0 ) 
for v-intercept and (0,b) for x—in七etcept. 
Only the expert subject [5210] has considered "logical 
and/or" in his justification. 
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The description of the expert subject^ knowledge structure 
shown in Figure 12 consists of a list of representations for 
the ma.ior concepts included in the domain under study, as well 
as a list of procedures attached to them. The description 丨 
contains four main components (CM. -> C4 ) and also shows how 
t h e S e C
°
m p o n e n t s 紅 e connected as suggested by the subject's 
protocols. 
The 01 of Figure 1.2 shows that the subject knew how parallel 
•lines are defined both in terms of "equal angles" and "equal 
slopes". In deducing parallel lines,七he concept of "equal 
* ‘ J 
angles" was properly interpreted whether the angles refer to 
] 
a
 Pair of lines intersecting with the same axis or to the case J 
when intersecting with two different axes. It can be seen 
that the concept of "equal slopes" could be used not only to 
deduce parallel lines but also to derive whether some given 
points lie on the same straight line. In C2, the figure shows 
i ji 
that the subject has an awareness of the direction of slope I 
and of how it is classified in its "positive" and "negative" 
aspects . 
The C3 component also suggests that the subject knew the 
formula for manipulating the slope of a line as defined by two 
given points, namely, (x-^  ， y - ^ ) and (x2 ， ) • 
The C3 component in Figure 12 shows that the concept of 
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i n t e r C e P t S W a S
 understood by the coordinates of any points on 
the x-axis ;and the y-axis, which in turn define respectively 
the "x-intercept" and the "y-intercept" . The figure also 
indicates that intercepts and slope could be deduced from the 
line equation . 
The point coordinates as described in C4 of Figure 12 is 
defined by the conception of "ordered pairs" which is based on I 
the understanding of "order", "logical connectives'" and ！ 
"equality" . The C4 also shows how the pictorial 
representation of point coordinates helps thinking of 
j 
geometrical properties in finding the coordinates of a point, 
？ I； 
J 
though in other cases they can be derived readily by applying 
analytical formula. 
[ 
The knowledge representations of the three novice subjects | 
are shown respectively in Figures 13，14 and 15 (see p. 97-
!
 I 
p.99 ) . The figures describe how the subjects represented 
I 
their (mis>conceptions which led to incorrect deductions in 
their working of the problems. 
The CI component of Figure 13 shows that subject [5203] made 
use of an inappropriate representation (as indicated by "rep “ 
in the diagram) of "double equal angles" to deduce parallel 
lines cutting across both the x- and y-axis. In C2 , the 
direct ion o f slopes was misrepresented in a reverse manner 
- 9 5 -
,-f 
(see the discussion in section 4.4.3). The descriptions also 
S h
°
W t h a t t h e
 recall the slope formula for 
d e d U C l n g e q U a l
 ^ any two points on the same straight 
l l n e b u t t h a t
'
 h e 抓 understanding of how the concept of 
equal slopes define parallel lines. Although the subject knew 
how to find the slope and intercepts from a given line 
equation， C3 describes that the concept of intercepts was 
badly represented. In 04, the understanding of point 




 Position. And the descriptions show that the subject 
could not define point, coordinates by the conceptions of 
ordered pairs even though he realized the importance of using 
» 
proper logical connectives for denoting the point coordinates 
of the same points 
• I H^ • I I • 
In Figure 14 , the component of CI shows that novice subject { 
J： 
[5236] followed rather similar reasoning of [5203] by arguing 
i 磨 
i 
about two pairs of equal angles for the deduction of parallel 
I 
lines. In C2，the subject could make use of the slope formula 
but failed to understand the directions of slopes. C3 
describes that -the concept of intercepts was mis interpreted as 
a x-value (or a v-value) in a given line equation. Finally, 
C4 indicates that the conception of "logical connective" was 
absent from the working with point coordinates as defined by 
the concept of ordered pairs. The overall description shown 
in Figure 14 suggests that the understanding of connections 
among each component of the concept domains was lacking. 
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Figure 13， Knowledge representation of novice subject [5203 1 
for conceptual understand ing in coordinate geometry. 
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Figure 14. Knowledge representation of novice subject [5236] 
for conceptual understanding in coordinate geometry.• 
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Figure 15. Knowledge representation of novice subject [5212] 
for conceptual understanding in coordinate geometry. 
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Figure 15 shows thn 十 • 
t h a t n o v i c e
 subject [521.2] has a 
mi sconcept i on of nc i r,^  “ n 
丨 S ] n 9 ’ e q u a ]扣U⑶” in making deduction for 
parallel lines (CI) The h , 
l he
. equal angles "a" a.nd »'b
M 
a C t l , a l l y d
°
 n 0 t
 R O W t h e r e q u i r e d j l l s t i f i c a t i o n f o r 
P a r a l l e l ]」neS 卯 . g e o . e t r i c a l properties (such as ！ 
"corresponding angJe," and "alternating angles"). - The 丨 
S l , b J e C t
'
S





 l n W b i c h t h e
 clas.ificaUon of "positive slopes" and 
"negative slopes'； depend, on Che "quadrant" a given line I 
s e 卵 e n t i s located (C2). Given a line equation, novice I 
subject [5212] was able to deduce the "x-intercept" and "y-
intercept" (C3). However, it was found in the second 
interview that he had little idea of the conversion between 
"intercepts" and "point coordinates" (see section 4.4.3). 
This suggests that the subject did not have a complete 
understanding of how intercepts can be defined in terms of 
coordinates of points on the axes. I 
! 
/ 
Like subject [5236], subject [5212] has not taken "logical 
connectives" .into consideration in using the concept of 
ordered pairs for the coincidence of two points (C4 ) . He also 
has the knowledge of locating a point in the x-y plane 
accord ing to its coordinates. But unlike [ 5236], he favoured 
the algebraic-analyt ical approach of using some formula in 
coordinate geometry (such as distance formula and mid-point 
formula) .in answering the problems which could be solved more 
read i]v by geometrical means . 
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 EXPERT MENTAL REPRESENTATIONS 
AND NOVICE MENTAL REPRESENTATIONS 
The thinking-a.loud protocols and worksheets provide 
e m P i r l C a l e V l d e n C e
 — of the differences between expert 
S U b J e C t S a n d n
°
V i c e 卯 b , i e c t s i n the exploitation of conceptual 
k n
°
W l e d g e f
°
r 印 贴 simph problem situations in coordinate 
geometry: 
-1. Several differences were revealed by a comparison of 
e X p e r t
 objects’ knowledge representations and novice 
subjects
5
 knowledge representations as constructed in the 
section 4.4.1e. The most apparent difference between the 
subjects' representations is that the picture demons七rated by 
v
 1 
the expert subjects' knowledge structures is more coherent and 
inter-connected than the ones shown by the novices' 
I j； 
structures . The expert subjects had a better understanding o.f 
the concepts, which enables them to make a more closely-
related association between the concepts； the novice had a 
fair understanding wh ich was found to be insufficient for 
providing a complete linkage among the major concept areas. 
2.. A second difference is that the novices displayed a 
part ial or incomplete understanding of how the mathematical 
terms or concepts are defined, while the experts demonstrated 
-101 --
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a .ore thorough ^finition-based understanding. F o r i n s t a n c e , 
a l t h
°
U g h n
°
V i c e 卯 b. j e c t cou.ld state the definition of 
P a r a l l e l l l n e S l n
 of equal slopes, it was found (in the 
second interview, see section 4.4.3) that she had 而 c h 
d l f f i C U l t y l n
 ce for the construction of a line 
P a r a l l e l
 "
 g l v e n
 ^vi叫 equal slopes (Question ,18 of 
S e C
°
n H l n t e r V 1 e w )
- ^ ^ ^ u l t y facing the novice could be 
r e V e a 3 e d q U l t e
 dear. l y from a comparison of the time spent by 
the novice and expert subjects. And it was found that the I 
e X p e r t t a c k l e d t h e
 Problem in less than one-sixth of the 
a v e r a s e t i n i e
 required by the novice and with no errors. 
3. A third difference between the expert's and novice's 
representations was that the latter appeared to be much more 
dependent on the inferences made upon perceptual features. As 
seen from the justifications of the novices for the deduction 
of parallel lines, the perceptual cues apparently provided an 
initial basis on which they made inferences to validate S 
I 
perceived solutions. This was being done by means of some 
retrievable but non-relevant geometrical properties or 
relations ( for instance, the property of "adjacent angles on 
a straight 1ine" inferred that two given equal angles implied 
the two angles adjacent to them were also equal) . The expert 
subjects，model , however, was found to be less prone to the 
influence of perceptual cue. 





U r t h
 t h e expert's representations 
I10ViCe，S tations see.ed to reveal that the novice 
S U b J e C t S
 ^ ^ ⑴咖"Procedure-driven" than the expert 




 T H a t
 -Ued on the familiarity of workin, 
P r
°
C e d U r e S
 — -ross in so.e particular but typical 
problem situations . 
F
°
r i n S t a n C
^
 t h e
 n。vices might be able to deduce the 
intercepts or slope fro, a given equation (similar to the 
practices found in ordinary assignment) but failed to express 
the values of intercepts in the form of coordinates nor to 
find the slope from the given intercepts. This suggests that 
the novices were sti l l lacking the conceptual knowledge | 
r e q u i r e d f o r a f l l 1 ]
- understanding of intercepts as well as of 
slope. This might be a reason why the novices had litt le 
difficulty in using the slope formula to find out the gradient 
but found it hard to develop a correct representation for the 
direction of slope. 
I 
5. A fifth difference was seen from the nature of 
justifications the subjects provided for the problem 
solutions. The novice subjects were more inclined to provide 
explicit information in order to make the situation more 
concrete for them to draw inferences based on their own -
supplied numerical data. 
For i nstance, when the novice considered the problem 
statements for the sameness of two points, he or she supplied 
-103 - 、 
S
°
m e n U m e r t C a l
 ^cidin, whether the given statement 
W a S t r U e
 °
r n o t
.
 T t
 a r p e a r e d that the novice had no idea that 
the approach was appropriate for disproving (rather than 
proving) the statement. The expert, on the other hand, was 
able to relate the conceptual knowledge of ordered pairs to 
point coordinates .in considering the situation when two points 
c a m e t o
-
e t h e r
'
 Th
e protocols show that the expert recognized 
the insufficiency of using some particular numerical data even 
though I： hey might satisfy the given condition. Thus, the 
inference process of the novice, in contrast with 七 h a t of the 
expert, may be described as a "data—driven" rather than 
M
concept-driven" deductive process . 
6. The last difference may be indicated by the evidence as 
seen from the protocols, that the novice took much longer 
pause in verbalization than the expert did. A possible 
interpretation might be that the novice had a great burden on 
i • 
their limited short-term memory due to considerable time arid 
capacity re served for the retrieval of formulae as required 
for the coordinate-geometry problems. The expert, on the 
other hand, had a stronger mathematical ability and a more 
extensive store of conceptual knowledge that might help to 
reduce the tens ion between the inference drawn on geometric 
concepts and the retrieval of some analytical formulae. 
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4.4.3 GENER.ATTNG AND TESTING HYPOTHESES 
A f t e r t H e f i r s t 、 — w , a follow-up interview was 
C O n S i d e r e d f
°
r t w o
 reasons: ( 1) The probe for the subjects' 
thought processes.would not be complete in a single task-based 
l n t e r v i e W
'
 A f t e
r every interview, it is natural for an 
investigator to find that S o m e information about a subject's 
t h i n k L n
"
 s t j 1 1
 -lacking (2) The conduct of the first 
interview was exploratory in nature. Some hypotheses of how [ 
the subjects made up their mental representations might be 
generated from the findings of the first interview. The 
second interview then serves mainly for the following purposes 
: (1) To clarify some of the doubts that were no七 made clear 
enough in the first interview, and (2) to test some hypotheses 
‘ 
that were generated from the results of the first interview. 
In th e first interview, it was not. specifically required for 
i i：-
the subjects to quote any geometric theorems to support their J 
claims of the answers given. However, the protocols reveal 
that sometimes subjects might make up the ir own terminology 
for an improper geometric relation. For example, subject 
[5 203 ] used his own created label
 M
exterior opposite angles" 
to suggest that two angles are equal but it was found that 
neither the label could be formally accepted as a geometric 
reasoning nor the concluding statement was correct. Thus, it 
would be interest i.ng to know whether subjects can use the 
-105 -
"
e 0 m e t r l C
 without knowing how it is named or 
lab e l ] e d . From Question L of the second interview, it was 
fcnmd that all the subjects could recognize the problem 
situation in which the two i^ven lines are parallel. However, 
o n l y t w o
 subjects and one novice subject gave the 
correct reason (corresponding angles equal) for their answer. 
Subject [5224J misused the term "alternate angles"； on the 
other hand , the two novice subjects con] d only say, " J. can' t 
think of any reason" and "T forgot" in response to the request 
for giving： reason. ( See Appendix 7 for the full record of 
subjects' responses to the questions of second interview). 
After all , even when the subjects were not able to name the 
geometric property, it could still be operationally used in a 
problem situation. 
/ 
After the first i interview, it was still not clear why some 
of the subjects failed to work out the intercepts and slopes 
! 
from a s'iven line equation. Their responses to Questio/n 2 of 
"* t 
the second interview suggest that they lacked a clear 
.understanding of the terms "x-intercept" (or y-intercept). 
For instance, -subject [ 5 2 3 6 ] could not find either the x-
intercept or the y-intercept of the g.i.ven line as she had no 
idea of how to distinguish the concept of intercepts from that 
of coordinates. After she gave the expression of x in terms 
of v i n part (a ) of the question, she said "that is all I can 
do for the x-intercept of [ the line] t." . Subject [5212] tried 
- 10 6 -
to recall the Proceduros he had been using to solve this type 
of ^- . t ion. After he had written down the expression 
( 3 X + 4 y ) / 5 =
°
 [ t h e r i
^
h t
 hnd side should be 1], he concluded 
that the x-intercept was 3/5 and the y-intercept was 4/5. 
This difficulty was further revealed by his failure in doing 
Questions 12-15, which were set to test whether the subjects 
understand how the intercepts are interpreted in their 
coordinate forms I as the x-intercept denoted by (a,0) and the 
y-intercept-； by ( 0 , b ) ) and how the slope is derived from such 
an interpretation. 
In the first interview, it was found that the novice 
subjects had particular difficulty in deciding whether two 
lines are parallel to each other when the lines are drawn in 
the x-y plane such that one line is cutting across 七 h e x—axis ‘ 
and the other across the y-axis. Based on the evidence of 
the protocols , we can hypothesize that some subjects might use 
special kinds of mental representation including < EQUAL 
\ 
ANGLES > , < DOUBLE EQUAL ANGLES >, and < PERCEPTUAL CUE > to 
judge whether two lines being drawn in ’’2-D (two dimensional) 
cutting" are parallel or not. An attempt was made in the 
second interview to refine this hypothesis. 
Table 14 ( see p. 109) shows the subjects
1
 responses to 
Questions 3-7 of the second interview. All the expert 
subjects gave correct responses, based on correct reasoning, 




t h e r hand， the novices answered these questions 
a P P a r e n t l y b a S e d
 ^ntal representations found from the 
first interview. Novice subject [52031 made an attempt to 
find as many angles as he could in each diagram given in the 
questions. The decision for the responses he gave was based 
on the reasoning that "they [the lines] are parallel as both 
of these angles on the two sides of each of these lines are 
equal". Similar reasoning was found to be used by the subject 
[5236] in answering the questions. Nonetheless, in Question 
7， she did alter her way of representing the concept of equal 
angles for parallel lines. She said, "If [the angle] a equals 
[the angle] b (see Figure 16)，[the lines] L1 and L2 would be 
parallel. But a =180° 一 50° 二 130o ， which is no七 equal to b. 
Therefore,乙丄 is not parallel to L2". It appears that she 
‘ 
made a false generalization of "Corresponding angles" for the 
- ' 
two lines cutting across the axes in the 2-D plane. Subject 
[5212] justified his answers to the questions by saying that 
I ' " 
"they [ the lines] .just look like parallel" . However，in doing 
Question 10， he did pause for quite some times. After he had 
made several sketches i n which two corresponding (obtuse) 
angles were marked off by two lines (being drawn almost 
parallel to each other), . he decided that the lines given in 
the question were not parallel. 
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Table 14. 
Sub.iects ' responses to Queqf i nnC 07 , 
' wues^ ions 3-7 of the second interview. 
— r-.^varr.-  r. 二 — 
.=:.•二 二 二:•一 ...... 
‘ — = --=:=^^^=^7^==:^ =^=:=:^  
——――-―—— 
fSee the questions in Appendix 6] 





:)ects Novice subjects 
[5203 � [5236 ] [5212] 
3 /
 / / / I 
4 X
 (/ )* (/ )* (/ )* j 
5
 z (X )* (X )* (x )* 
6 X
 ( / )* (/ )* X 
7
 X (/ )* x (/ 
— snsnrz . 一 
a 
Erroneous responses are bracketed and marked with an 
asterisk .丨 _ 
“~~~ -  1 — 一——• ••• -— — ••' “ — — ——— , —丨. 
Problem : L1 //L2 (?) rLj If a = b 





 /b =50° 
^ ^ l>2 I] is not parallel to 1.；2 . 
= b MODEL ： < 2-D CORRESPONDING 
~J ^ ^ 1 ANGLES > 
Figure 16. Reason .ing of suh.iect [5236 ] for Question 7 of the 
second interview. 
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The subjects' -responses to Question 8 of the second 
l n t G r V l e W f u r t h e r
 confirmed that some of them did not have a 
C O m p l
°
t e ⑴)derstanding of ordered pairs as applied to the | 
justification of some criteria for two points to coincide. ！ 
°
n e
 expert, subject and a.l 1 the three novice subjects made a | 
mistake in which the significance of using the appropriate i 
l o
^
i c a ]
 connectives f :i .e. , AND/OR.] was ignored. The error | 
s u b i e c t
' 「5203] made in part (e) of the question revealed that ； 
h e d i d n o t k n o w
 to give the points which satisfy the 
condition such as "x < - 2 and y > 3". 
From the protocols of the first interview, it was found that f 
some subjects might have misconceptions in determining the 
sign of slope of a given line segment. Questions 9-11 of the 
second interview were set to test the nature of these 
misconceptions. 
i 
In answering these questions, "the subjects were asked to 
I 
supply diagrams for .jnsti f ications of their responses . Figure 
17 shows the typical sketches made by the expert subjects for 
their justification of the answers to these questions； the 
illustrations given by the three novice subjects are shown 
respectively in Figures 1.8， 19，and 20. 
一 1 10 — 
A 
Question 
^ ^ I height increases 
^^tT . I 





henhr r ^ ^ —
 h e i
^
h t
 -creases with x. 
the height decreases as x decreases, 
t h e
 slope is also positive. 
Subject's responses : fa) ( / ) ( b ) ( x ) 





I \ 、 . I 
x decreases^^ [ 
Reason ing : 
The slope is negative when the height increases | 
as x decreases. 
When the height decreases as x increases, 
the slope is also negative. 
Responses ： (a) ( X ) (b) ( / ) 
Question 11 (a)&(b) \
 1 
/ - \ 丨 
/ \ greater than 90° 
/VLess than 90° \ \ ^ 
~ \ 
Reasoning . \ 
(a) [positive slope ] as ( b ) negative slope ] as 
defined by acute defined by 
angle obtuse angle 
Responses : ( a) ( 
/ ) (b) ( / ) 
•• - -- - 「 - r • --,-1 - - — — ..一... ——• — —•-"— 1 •_ • • ‘“ • • •• ' • 1 i •丨丨• • I — — I I . 1 - -
Figure 17. Justifications of slope sign given by a typical 




I x increases ^ ^ 
一~： \ ：； ^ ^ 一 
x decreases \ f|““| ^ ^ 
Subject' s reason i ng ： 
( a ) F
°
r p o s i t i v e
 slope, as x decreases, height 
increases. But the height is given to be 
decreasing, therefore it is wrong. 
(b) For negative slope, as x increases, height 
decxeases . But the height is given to "be 
increasing, thus it is also wrong. 
Siib.iec 七 ， s responses : (a) ( X J*1 (b) ( x ) 
Question 10( a )&(b): 
Reasoning : 
(a) As when x decreases, height increases we would have 
positive slope, this is correct. 
(b) Based on the reasoning of 9(b), this is also 
correct. 
. 
Responses : (a) ( / )* (b) ( / ) 
I 
Question 11 ( a ) &.( b ).: 
(a )XJ fb) I 
\ 0 I 
greater than 90 
less than 90 , x 
Reasoning : - \ Z 
(a )[positive slope] (b)[negative slope] 
as defined by as defined by obtuse 
acute angle angle 
Responses : (a) ( / ) (b) ( / ) 
Figure 18. Justifications of slope sign given by the novice 
subject [5203]. 
Erroneous responses are marked with an asterisk "*“. 
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I 
Question 9( aT l^T) —• — 
^ f j height decreases . 产七 
^ ^ j jj - Z j increases 
< 乙 1 I 
x decreases . 
x increases 
Sub.iect，s reason i n g : 
( a ) [ n e g a t i v e slope] ( b) [ p o s i t i v e slope] 
S u b j e c t ' s responses : (a) ( X )*丄 （b) ( X ) 
Question 1 0 ( a ) & ( b ) : 
(
a
 ) (b) \ 
\ height 
^ ^ i g h t increases \ decreases 
X decrease^^ x increases n 
Reasoning : ( a ) [ p o s i t i v e slope] ( b ) [ n e g a t i v e slope] 
Responses : (a) ( / ) * (b) ( / ) 
Question 11(a)&(b) :
 J 
(a) / (b) . • • 
/ grea ter than 90° 
/Mess than 90° 
Reason ing : ( a ) ["pos it ive slope ] ( b ) [ n e g a t i v e s lope] 
as defined by as defined by the 
line in the line in the negative 
positive quadrant quadrant 
Responses : (a) ( / ) (b) ( / ) 
Figure 1 9 . Novice subject [ 5 2 3 6 ] ' s . j u s t i f i c a t i o n s of slope sign. 
^ Erroneous responses are marked with' an asterisk "*"• 
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Question 97 — 
(a ) , 
/
 ,b> 




c r e a s e s
 \ x increases、 
/ I ^z — 
A- K I 
x decreases ^creases 
Reasoning : (a)[positive slope] (b)[negative 
Responses : f a) ( / ) ( b)( y )*1 
Question 10(a)&(b): 
Reasoning : (a) Based on the reasoning of 9(a), this is 
wrong . 
(b) Based on the reasoning of 9(b),七his is 
also wrong . 




) (b) I 
Z greater 
/ 0 ^4-^ than 90° 
/S^less than 90° 丨 飞 
— ^ _ — — ； ~ 
Reasoning : ( a)[positive slope] (b)[negative slope] 
- as defined by as defined by the line 
line in the in the negative quadrant 
positive quadrant 
Responses ： (a ) ( / ) (b) ( / ) 
Figure 20. Novice subject [5212]，s justifications of slope sign. 
^ Erroneous responses are marked with an asterisk • 
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F j g U r e 1 7 S U
^
e S t S t h
at the expert subjects have a complete 
understanding of how the sign of slope is defined. However, for 
n
°
V i C e S t U d e n t s
' -i-conceptions were identified by the 
Justifications as given in Figures 18-20. The reasoning of 
S U b j e C t 丨 5 2 0 3 ] h Figure 18 surest that he defined the 
一 ° f S l ° P e i n & AVERSE manner. The subject was seen to draw 
the diagrams into which his mental representation of the concept 
could be incorporated. Rased on the 〈REVERSE〉 model, the 
contradictions might not be easily seen in the diagrams. For 
instance, in answering Question 11， the angles in part (a) and 
p a r t ( b ) a r e
 actually marked with two opposite orientations. 
That is, the angle (which is "less than 90°
M
) in part (a) is 
marked in the sense of clockwise direction whereas the angle 
(which is "greater than 90°** ) in part (b) is in anticlockwise 
direction. It appears that the apparent contradiction had been 
concealed by the subject as he drew the line segment in part (b) 
through a reflex angle {greater than 180° ) rather than through 
i 
an obtuse angle (which is greater than 90° but less than 180° )‘ 
Figures 19-20 suggest that subjects [ 5236] and [521.2] reasoned 
with a〈QUADRANT〉model . However, the responses as given by the 
sub.i ects to Quest i ons 9 and 10 were apparently inconsistent with 
each other. It appears that their responses depended on the 
first- diagram they had drawn that could fit into their own 
mental, representation. The diagrams they provided for Question 
11 did demonstrate that they defined the sign of slope by the 
quadrant in which the given ]. ine segment is located. Figure 21 
summarizes how the responses were derived from the mental 
representation of 〈QUADRANT〉. • 
-1. .1. 5 -
— 
： — 
Mental Model (MM) ~~ “ 
MM 
/POSITIVE\ 
/ \ F NEGATIVIA 
- > 0 ( v > n 
\ QUADRANT / \ } \ J 
V V 个 \ QUADRANy liT 
广 / _ _ T \ INCORRECT 
-j ^^RESP0NSE J D RESPONSE 
PS 
Problem Situation ( PS ) 
C a s e
 (
1
) Case (2) 
MM MM 
/NEGATIVEX 一 
- - > o ( ) - - > o 
^Y^ V QUADRANTJ 
INCORRECT f — - f - \ Jl CORRECT 
- O , \ H O 
V
^ RESPONSE ’ \ J RESPONSE 
PS PS 
Case (3) Case (4) 
Figure 21. The mental model of <QUADRANT> for determinig the 
sign of slope of a line segment for subjects [5236] and 
[5212]. 
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The novice suh i »=»r> +-‘ _ 
U b l e C t s r
es P o n s e s to Questions 16-17 further 
suggest that thev 左 
e
'
 m a d e
 inferences from the mental 
representations identified as <QUADRANT> or <REVERSE> on 
d e C i d i n
'
 W h e t h e r t h e
 ^ven line se^ents have positive or 
n ^ a t i v e slopes. In considering the steepness of the line 
segments， all subjects except f 5 2 3 6 ] could give correct 
r e S P
°
n S e S b y r e a s o n i
^ approximately using the magnitude of 
dope. Subject [5236] made errors as she said, "the steepness 
of the line segments appears to be decreasing [in both 
Questions 16-17] as the lengths of the line segments seem 
shortening when I follow the direction of the arrow shown in 
t-he diagrams.,' 
An attempt was made in Question 18 of the second interview 
to test how the subjects used operationally the concept of 
equal slopes for the construction of parallel lines. In doin? 
part (a) of the question, subject f 5236 ] failed to write down 
i 
the slope of the paper triangle because, as she said, "I 
cannot apply the slope formula “ [slope = (y2-yi)/(x2-乂丨）]. 
This demonstrates how the slope of the line given in the 
figure of the q'uestion could be matched with the slope of the 
paper triangle. Most of the sub.iects could employ the concept 
of equal slopes for col 1 inearity as they made use of the point 
on the given line to give a justification of their answer. 
However, subjects [5236 ] and [5212] could not provide such a 
.justification as required. The former simply had no idea of 









 ^ latter gave an inappropriate 
J U S t l f l C a t i 0 n b y f indi叫。此 all the lengths of the r i , h t -
t r l a n g l e 如 topping a perpendicular line f r o m 
the given point (6,8) to the x-axis. 
Figures 22 and 23 show the subjects' responses to parts 
( b H i i ) a n d ( b H l i i )
 ^ Question 18 respectively. All the 
subjects except [5236] had little difficulty and took a very 
short time to complete the task as set in part (b) (ii) of the 
question (see Figure 22.1 for the correct response and Figure 
2 2 , 2 f o r t h e
 ^correct response on p. 120 ) . However, the 
novice subjects had a great difficulty in doing part (b)(iii) 
of the question. 
A typical expert subject's response is shown in Figure 23.1 
(p.121). The subject took less than two minutes to complete 
the tasks, whereas the typical two-stage response by the 
novices (see Figure 23.2 on p. 121 ) took an average of about 15 
minutes for them to finish the task. In the first stage, the 
novice subject began by rotating the paper triangle until its 
base touched the y-axis. The triangle was then moved along 
the y-a.xis until its upper vertex reached the point B through 
which the line was drawn (but only subject [5203 ] actually-
showed the line on the worksheet ) . By the end of this stage, 
the novice subject was about to notice the "contradiction" and 
pointed out that the line through point B could not make an 
-15 7 - • 
••••_•M I I1IMIWIM I11JIIWIIMII in PMMihil 'I il lflllnj>iiyia 
• ‘I"丨•咖uirnu•丨in .丨•_.imaa  
^
1 6 W U h t h G
 _ e q u a l to the angle m a d e b y t h e 
g l V e n l i n e S W i t h t h e
 x-贴 is if these two lines were not 
P a r a U e l
-
 I n t h e S e C
° "
d s t
^e，the subject moved the paper 
t r l a n g l e b a C k t 0 t h e
 - ^ - a l position and turned it around. 
Subse.uently, the paper triangle, after several attests, was 
P i a C e d W i t h i t s
 orhina]. "opposite side" now touching the y-
axis. Then, the subject slid the triangle upward until the 
lower vertex was Positioned at point B. The line was finally 
drawn through B along the hypotenuse side of the triangle. At 
the end of this sta^e, subject [5212] pointed out that "the 
a n g l e R
 the angle 9" (see Figure 23.2b on p. 121). But 
after a moment of pause, he noticed he was wrong as he used 
the paper triangle to check against these two angles• 
When novice subject (5236], was asked whether the lines she 
had drawn through the points A and B had the same slope as 
that of the given line L, she said "yes". However, when she 
I 
w a s
 asked whether these three lines should be parallel, she 
hesitated for a moment and said, "the line through B is 
parallel to L but the line through A is not" . It appears that 
she could not resolve her contradiction even though she was 
able to recall how the parallel lines could be defined in 
terms of equal slopes in answering the initial test. In 
short， the novice subjects' responses to Question 18 suggest 
that they lacked a complete understanding of how the parallel 
1ines are determined by the equal slopes or defined by the 
-119 - 、 
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g e
°
m e t r i c p r o p e r t
>
r o f
 angles formed between the lines and 
the axes . 
..... ： 
The Problem : Use the given paper triangle (without turning to 
its back) to draw a line passing through the point A such that 
the slope of the line equals to the slope of the given line L 
in the diagram provided. 
Figure 22.1 八 correct response (by all but the novice 
subject [ 5236:1 ) : 
Figure 22.2 An incorrect response by the novice subject 
[5236:1 : 
.風 
Figure 22. Subjects， responses to Question 18(b)(ii) of 
second interview. 
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The Problem : Use the given paper triangle (without turning to' 
its back) to draw a line passing through the point B such that 
the slope of the 丄 i n e equals to the slope of the given line L 
in the diagram provided. 
Figure 23.1 A typical expert's response : 
I 
(Average time taken : less than 2 minutes] 
Figure 23.2 A typical novice,s response : 
(a) First sta^e (b) Second stage 




[Average time taken : about 15 minutes] 
Figure 23. Subjects
 i
 responses to Question 18(b)(iii) of 
second interview . 
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By the end of the second interview, various kinds of 
misconceptions have been identified. Table 15 卯 画 a r i z e s t h e 
m a j
°





f m e n t a l
 ^Presentations that the novice subjects were 
using. 
Table 1.5 
A summary of misconceptions in terms of 
m e n t a l
 ^epresentions (as identified from the interviews) 
二二 ^ = > . = r r = . - r r r . — ^ 
Concept domains Modes of mental representations 
—  
Parallel lines <EQUAL ANGLES〉 （ p . 7 3 ) * 
〈DOUBLE EQUAL ANGLES> (p.70&72) 
〈PERCEPTUAL CUE> (p.107-108) 
<2-D CORRESPONDING ANGLE> (p.109) 
Slopes (sign) 〈REVERSE〉 （ p . 1 1 5 ) 
<QUADRANT> (p.115-116) 
Intercepts <X-（ OR Y-)INTERCEPT : 
X-( OR Y-） VALUE OF A LINE 
. EQUATION〉 （ p . 8 4 ) 
Point coordinates < ? > ： Lacking the conceptual 
component of logical-AND . (p.91) 
The page numbers in brackets ( ) refer to the 
descri ptions of the misconceptions in the text. 
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4.5 PHASE-THREE ANALYSIS 
After the first two phases of the study, the hypotheses on 
how the subjects make their inferences with their mental 
representations have been tested and the information of how 
t h e y r e p r e s e n t
 knowledge structures has been derived. 
The phase-two analysis revealed that the initial test items 
a r e n o t a d e q u a t e
 reflecting students' conceptual 
understanding by using scores obtained in the test. For 
instance, the sources of many students' misconceptions could 
not be easily identi fied by their working in the initial test. 
Thus, in the phase-three of the study, the quiz items have 
been revised not only to broaden the scope of testing so as to 
cover what we consider as important for reporting the degree 
of students' understanding but more importantly to detect 
students
5
 major misconceptions and to provide information of 
plausible causes for 七 h e i r difficulty in doing a particular 
?
 i 
problem. The results of the revised test scoring and also the 
establishment of test reliability and validity are discussed 
in the f ollowing two subsections. 
4.5.1 SCORING OF THE REVISED TEST 
The revised test was conducted about three-and-a-half months 
after the initial test. The test was taken by the same class 
-123 一 、 (' 
1
 I f.wm,•丨nu|r 
°
f S t U d e n t S i W h
° a t t e m p t e d the initial quiz and was 
administered so as to ensure they had a sufficient amount of 
time to complete their task. For the purpose of this 
r e S e a r C h ? t h e q u l z W a s 贴 d e t w i c e as lon^ as would actually be 
r e q U i r e d f
°
r t e s t i n
^ students， understanding in coordinate 
g e 0 n , e t r y
' 丁 & revised test (see Appendix 8) consists of 56 
q i , e S t i
°
n S W h i c h w o l l l d b e
 split into two halves, namely Test A 
and Test B (see Appendix 9) to facilitate the computation of 
reJlability coefficient (as described in the next subsection). 
After the test, the items were scored (according 七 o the score 
distribution shown in Appendix 9) and the students' scoring 
records of Tests A and B were then compared (see Appendices 10 
and 11). 
The scoring records provide a general picture of students
1 
performance in terms of the ranking of their scores and also 
demonstrate students
J
 varying degree of understanding in the 
concept domains under study. It was found that expert 
subjects were ranked high with the top-score achievers in the 
class while the novice subjects were positioned in the bottom 
(see Appendice-s 10 and 11 ) . Nevertheless, behind the 
students' scores. the design of the revised test is hoped to 
achieve the purpose of detecting students
1
 misconceptions so 
that - appropriate diagnosis can be made. 
Based on the evidence of the two task-based interviews, some 
- 124 -
°
f t h e S U b j e C t S
' ceptions in ter.s of thei, own personal 
representations have been identified. F o r i n s t a n c e , t h e 
objects demonstrated .isunderstandin, in Judging whether two 
M n e S C l l t t i n g a C r
°
S S t h e
 — are parallel in <2-D cutting>. 
Table 16 shows students^ plausibJe responses to Questions 7-24 
of the revised test as derived from the identified personal 
models including <EQUAL ANGLES>, <PERCEPTUAL CUE〉， and 〈DOUBLE 
EQUAL ANGLES>. 
T h e a c t u a l s c o r i n
^ sequence of students ^  erroneous responses 
t 0 t h e s e t e s t i t e r n s
 (shovrn in Table 17) could then be compared 
with the sequence in Table 16. The sequence patterns 
demonstrated by [5211] in test A <010011100〉and [5235] in 
test B <110000111〉 fit exactly into those exhibited by the 
representations of <DOUBLE EQUAL ANGLES> and 〈PERCEPTUAL CUE> 
respectively. Moreover, the sequence patterns of [5203] in 
Test A <01001110(1 )> and [5211] in Test B <1001(0)1100〉have 
I 
a
 very close match with 七 h e pa七tern of <DOUBLE EQUAL ANGLES> 
while the sequence'pattern of [5219] in Test B <11000(1)111〉 
resembles that of 〈PERCEPTUAL CUE>. The matched sequence 
patterns suggest plausible reasons as to why students make 
errors in determining parallel lines in <2-D cutting>. The 
process of searching for the plausible models for explaining 
students' flaws is not said to be complete. There are still 
some other errors in Table 17 that we cannot give a full 
account of them. Would the students make the mistakes simply 
-125 一 、 (' 
b e C a U S e
 °
f g U e S S W
°
r k
 (at Lewt in some of the test items)? Or 




r n e S l i p s 随 d e 。 t h e i r working? At this stage, we 
d
°
 n 0 t h a V e a c
omPrete answer to these questions. 
Table 16 
Expected responses based on students' personal models 
(as derived from interviewing) for determining 
parallel, lines i n <2-D cutting〉 situation 
STUDENTS, ITEM NUMBER — — — — 
PERSONAL [TEST A] 7 8 9 10 11 12 13 14" 15 SCORING 
MODEL [TEST B] 16 17 18 19 20 21 22 23 24 SEQUENCE 
EQUAL ANGLES 
[A]/ / x x x x x / / <oioooiioo> 




[A] y / / X X / X X X <011000111〉 
[B ] v/*/ X X / / X X X <110000111〉 
DOUBLE EQUAL ANGLES 
f A] v// X X / X X / / <010011100〉 
[B] / X X / X X X / / <100111100> 
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Table 20 
The scoring s e q u e n c e o f students' erroneous responses 






STUDENT NO. TKcT A 
丄 D j A TEST B 
—— • - , 
5 2 0 1
 I O ] 1 m i l 
5 2 0 3 〈oiooniou)〉 looiooioo 
5 2 0 4
 101.1 11 111 
5 2 0 5
 01.1 101111 
5209 110011111 
5 2 1 1
 . <010()11100> <100101100> 
5 2 1 2
 101001111 000011111 
5 2 1 3
 111111110 l imoi i i 
5 2 1 8
 111111011 111110111 
5 2 1 9
 101010111 <11000(1)111> 




5 2 2 3
 .111111110 
5224 011111111 111111110 
5 2 2 8
 l i io i im 
, 5230 111011111 
5233 - 111110111 
5234 110001111 111001111 
5235 111001111 <110000111> 
5236 111001111 111111110 
5239 111111110 
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Table 18 (on P.129) shows the success rate achieved by the 
students in tests A and B. The lowest success rate is found 
to be in Item 10 of Test A (79%) and its counterpart (76% for 
I t e m 1 9
 °
f T e s t B
) .八 comparison of the result of Item AJO 
(Item 10 of Test A ) \ o f u o +• ^ ^  T J a 0 
A
 '
 l o L h a t o f
 Item A3 suggests that the 
students might have come across similar kind of difficulty in 
terms of their conceptual understanding of the problem 
situations (see Figures 2 4 and 25 on p.130). This phenomenon 
is further illustrated by Table 19 (on p. 130) which shows only 
6 5 % o f t h e
 students can answer both of these two items 
correctly. However, Figure 26 (on p.131) suggests that all 
the students are a.t least able to make an operational use of 
the geometric property (though a few of them cannot label it 
as "corresponding angles" in A1 or B4 ) in finding out the 
unknown angle in A2. This discrepancy as demonstrated by 
students' performance in these two kinds of problem situations 、 
reflects the significance of our searching for plausible 
I 
models which could account for their conceptual difficulty in 
the < 2-D cutting > situation. 
In the second interview it was found that subject [5236] 
shifted her conception during the course of her thinking by 
using a model of <2-D CORRESPONDING ANGLES> (See Figure 16 on 
p.109) to determine parallel lines in a < 2-D cutting〉 
situation. In Items A15 and 24， the angles are intentionally 
drawn out of sea1e in terms of their size as marked in the 
-128 - 、 
diagram. Even perceptinl l ^  〜 , . 
,
 C e p t U a 1 1
^ s P e a k l 叫 ， i t w o u l d n o t b e d i f f . c u l t 
for students to see t 丄 
that the two given lines are not parallel 
t o e a c h
 other. Nonetheless Tihl. 1« u 
-eSS， Table 18 shows that students 
performed poor.lv jn item n^A T -, 
‘
 J 11 1
 in u/,4 with on 1 v 7 Q°/ ^ -p 
un 丄 y of success rate 
(though 94% of stiiHf-nh e-“ ,, 
d e n t S U e r e 补 1 已 to do Item A15). I七 i s 
rather surprising to thnt fho，、 ^ 
t h a t t h e r e a r e
 four students who 
C
°
l l l d C
°
r r e C t
 to all the ite.s except B24 i n 
B f
°
r d e t e r m l n j








' 们化 <2-D CORRESPONDING 
A N G L E S > m
^
h t 卯 0 … ^ & clue for such a phenomenon of 
‘students，responses to the problem situation shown in Figure 
2 7 on p.131. 
_ Table 18 
S U c c e s s rate of determining parallel lines in <2-D cutting> 
I t e m N o
. Success rate (%) 




？ 8 88 91 
g 5 rj g 
”*
 19
* 79** 76** 
12 “？？ 8 8 85 
II 94 88 
“ 94 100 
1—4 2 3 94 94 
1 5 2 4
 94 79 
— ’‘ --- ---^―• — ———~—一一 _. —— … ,,• _, . 
Overall success rate of getting 
all these items correct = 56 50 
* . . 
The items of the lowest success rate in tests A and B 
料 respectively. 
The lowest success rate in tests A and B. 
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or False? jl I t e m A3： I f 、 / ^ 7 ^ 
— 
Success : 7 9% Success : 7 9% ！ 
一 . . . . ： I 
Figure 24. Problem situation of Figure 25. Problem 
Item A10. situation of Item A3. 
. i 
Table 19 
Interconnection between Items A3 and A10 in terms of 
students' success rate in these items 





0 15%(5) 6%(2) 
a
 number of students. 
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Item A2: If L^  //L2， e = ? 
y ) 
Success : 100% 
Figure 26. Problem situation of Item A2. 
Item B24: L1 //L2 (True or False ？ ) 
二 ― 丄 I 
Success : 79% 
Figure 27. Problem situation of Item B24. 
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A n
°
t h e r m a J
°
r
 - incep t ion was located in the concept 
domain of slope. The evidence fro, interviews suggests that 
some students might not have a complete understanding of how 




p e o f a
 l^e segment is defined. Table 20 
shows how students' responses to Ite.s A33 and A36 (or their 
counterparts of Items B35 and B34 ) might be interpreted in 
terms of their understanding of the sign of slope including 
t h e t W
°
 p 3 a u s i h l e
 Personal models of 〈QUADRANT〉 and 〈REVERSE〉 
a S l d e n t i f i e d i n
 interviews. Table 21 shows students' 
erroneous responses to the testing of sign of slope in the 
revised test (the correct responses of other students in the 
class are omitted here). It can be seen that the response 
sequences (< + — 一 + > f o r Test A and <- + + -> for Test B) as 
exhibited by subject [5201] in both Test A and B, as well as 
subject [5203] in Test B follow the response pattern of the 
〈REVERSE〉 model while the response sequence <++ --〉 of [5212], 
[5227]， and [5236] in Test A resemble the response pattern of 
i • . . - • • 
the <QUADRANT> model. And the rest of the response sequences 
shown in. Table 21 are due to unidentified, source of errors or 
simply plausible guesswork of the students. 
-132 - 、 
Table 20 





: t h e i r
 understanding of the sign of slope 
... ^ ^ ^ ^ — 
PATTERN STUDENTS ‘ ‘ ~ … ― 一 
:CATEGORY RESPONSES INTERPRETATIONS 
‘ “ 
ITEM NOS. —————一 —…“— 
[TEST A] [TEST B] 
(33 ) ( 36 ) ( 35) ( 34 ) 
( I )
 <-++-> < + - - + > Responses with f u l l 
understanding 
( I I ) <+
+ +-〉 <+- --> Responses based on 
OR<—+ -+> <-+ -+> unidentified source of errors 
OR<+- +-〉 <+- +-> (plausible guesswork) 
(III) < + + - - > < + - 一 + > Responses based on plausible 
personal model : <QUADRANT>* 
(IV) <+- -+> <-+ +-> Responses based on a 〈REVERSE〉 
understanding of the sign 
“ of slope 
Based on the personal model of〈QUADRANT〉，students would 
consider the slope of all the line segments as POSITIVE in the 
positive quadrant (the f i r s t quadrant)； whereas in the 
negative quadrant (the third quadrant ) they would consider the 
slopes as negative. 
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‘ Table 21 
S t l i d e n t S
'
 e r r o n e o u s
 r e S p o n s e s to the testing 
o f
 the sign of slope 
二- -----=======^ -^^  
——————— 
STUDENT NO. Teof A 〒。如 D 
lest A Test B Plausible Model 
:_ 
5201 <+_ _.. z 丄 」 、 
\ 十 一 十 〉 <-+ +—〉 • <REVERSE> 
5 2 0 2
 + + . 
5203 一+ —+ < 丄丄、 
十 + <-+ +-> <REVERSE> 
5205 
5206 +_ 
5 211 + 一 + _ 
5 2 1 2 < + +
 "-> ++ <QUADRANT> 
5217 +一 +一 
5218 一 + 
5219 + 一 + -
5 2 21 一 + 一 + 
5 2 2 2 +++_ 
5227 <++ --> ++ -- ！ <QUADRANT> 
5228 ++ +- ++ 
523 3 -+ + + + + 一 + 
5 2 34 ++ +- +- --
5 2 3 5 ++++ 
5236 <++ --> ++ -- <QUADRANT> 
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4.5.2 TEST RELIABILITY AND VALIDITY 
In this subsection, the constructs of reliability and 
validity are used to evaluate the revised test. 
In establishing reliability, the test is split into two 
equivalent parts, namely, Test A and Test B (see Appendix 9). 
B a S e d
 °
n t h e
 Spearman-Brown formula, the coefficient alpha can 
b e c o m p u t e d
' Table 22 reports this as 0.97 (0.9654)， which is 
considered to be reasonably high for the purpose of judging 
reliability of the test. 
As well as reliability, a fundamental: inquiry into the basis 
of how we interpret scores needs to be made. As a response to 
the issue of the validity of content, the test has been 
planned as to provide a justification of what the test is 
intended to measure. Table 23 presents a plan which defines 
I 
the content domains as well as the objectives of the items 
that the testing aims to achieve. In general, the test covers 
what students should have learned in class and thus should 
provide a content which forms a subset of the syllabus as 
confined by the Hong Kong Certificate of Education 
Examinat ion. The testing time was scheduled some time after 
the topic was taught and the test content was examined by an 
experienced mathematics teacher from another school to judge 
its validity by comparing the test outline with the outline of 
the mathematics course at s-econdary certificate level. 
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Table 22 
Calculation of test reliability 




1 • • • — . . . -i, i；,.^  •丨 ^ _ 
j ,、/、 ' — 
2 • 9^ 33 





1 39 41 
7 38 37 
o 36 37 
^ 3 9 3 7 
io
 4 3 4 4 
r 23 27 
]； 25 24 
！^  34 39 
1 3
 42 41 
41 39 
1 0
 43 44 
” 39 38 
36 39 
1 8
 4 7 4 7 
1 9
 37 40 
2 0
 35 32 
2 1
 38 40 
2 2
 3 9 39 
23 41 41 
2 4
 30 31 
2 5
 36 32 




 46 48 
28 45 44 
29 42 42 
3 0 3 2 34 
31 38 32 
32 25 24 
3 3 . 40 40 
34 45 45 
Mean 37.6 37.7 
Variance 43.16 42.35 
(rhh，）* = 0.9332 
coefficient alpha {a ) = 0.9654 
•氺 .： 
r
hh，is the correlation between half-test scores. 
2 ruu， 
氺氺 . , , u / 、 _ nh 






Table 2 3 
The concept domains and objectives of 
the test items in the revised quiz 
. • 一 — ~ •，-一一—.—— 
— —^r.nrrx:.-： 一 
Item Number 
[TEST A] [TEST B1 ObiectivP r, . 
uojective Concept Domain 
4 T o
 test whether students 
2 r 一 ° c a n aPPly the concept of PARALLEL LINES 
3 6
 <CORR. ANGLES> in finding 
the known angle in the 
x-y plane . 
7 1 6
 To test whether students 
8 1 7
 can apply the concept of 
9 1 8
 <CORR ANGLES〉 to determine PARALLEL 1INES 
1 0 1 9
 which pair of lines as 






25 28 To test whether students 
27 26 know how to distinguish 
2 9 31 and to determine the SLOPE 
3 2 30 magnitude and the 
33 3 5 direction of <SLOPE> 
3 6 34 
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^ r\ / \ … * 




 T o tes七 whether students SLOPES 
( b )
 know how to determine & 
( C ) ( c )
 '
 t h e
 Parallel line with PARALLEL 
( d ) t h e




 3 8 T o
 test whether students 
4 1 4 2
 know how to define 
4 3 4 5
 <INTERCEPT〉 and how to INTERCEPTS 
4 4 4 6
 find <INTERCEPT〉 from 
£^ iven 1 ine equations and 
Point coordinates 
4 7
 To test whether students 
49 50 can apply the concepts of POINT 
〈ORDERED PAIRS〉 COORDINATES 
(1 ) to match the 
coordinates 
of points 
(2) to identify the points 
satisfying a certain 
given conditions .
 1 
51 52 To test whether students 
53 54 can apply geometric or LENGTH OF A 
55(a) 56(a) analytic skill in finding LINE SEGMENT 
(b) (b) “ the length of a line IN THE X-Y 
segment in the x-y plane PLANE 
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M O r e O V e r
'
 a S t h e
 test is intended to assess 




n S t r U C t r e q U i
— — Kind of validation. The current 
°
f
 ^-formation-processing theory of cognition 
Provide a basis of this construct for the learning of 
mat h e m a t i c s . The test as a measure of assessing mathematical 
understanding requires an explanation of students' performance 
°
n t h e t e S t
. essentially means that we need to find out 
S t U d e n t S
' misconceptions which have a major influence upon the 
score they would obtain in answering the test. The pencil-
and-paper test is to some degree valid as long as the proposed 
interpretation of scores based on the subjects' mental models 
identified in the interviews is valid. The analysis of 
students' responses to the test described earlier implies that 
understanding in terms of their mental representation is a 
distinct variable, and this kind of variable can be assessed 
« 




This chapter presented empirical evidence to support the use 
of students ' mental representations to design tests for 
assessing understandin轻 of mathematical concept in the domain 
of coordinate geometry. Analyses are carried out on the three 
phases of study, name1y, (1) selecting expert students and 
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novice students t9 ^  ^ 
(
2 ) C O n S t r U C t i
^
 k
 —^dge representations, 
^^
 e S t a b l l S h i
^ & PenciX-and-pape, test f o r a s s e s s i n g 
S t U d 6 n t S 5 U n d e r S t
-
d i




f t h e







f 卯 students in each of the 
n
°
V l C e
 were identified and the questions 
for the first task-based interview prepared. The f i r s t 
】 ） r O V i d e d —nt i a l protocol data for 
constructing the subjects' .ental representations in the four 
concept areas of coordinate geometry, including "parallel 




P e s M
' intercepts", and "point coordinates". As 
the information derived from the first interview was by no 
m e a n S com
P.lete，a follow-up interview was conducted. The 
second interview served not only to clarify the previous 
findings but to test some of the hypotheses that had been 
generated from the first interview. For instance, it is 
evidenced from the second interview that a 七 l e a s t some 
students would make inferences based on some of their own 
personal models in determining whether two lines cutting 
across the two axes in the coordinate plane would be parallel. 
Then followed an expert-novice study, in which a comparison 
was made between expert, students' and novice students' 
knowledge representations. It suggested in general that a 
typical expert student possessed a more coherent conceptual 
- 140 -
S t r U C t U r e t h a n
 n — 咖 仙 . B a s e d on the k n o w l e d g e o f t h e 
她 細 “ , - n t a l representations of conceptual knowledge, a 
r e V i S e d
 , P^cil-and-paper test for assessing f , . , 
1
 assessing students' 
understanding was developed. 
After the revised test was conducted in the final phase of 
the study, an interpretation was made upon the scoring 
P a
"
e r n S W l t h a n
 i d e n t i f y i n g misconceptions behind 
students， test scores. And finally, in establishing test 
val i d a t i o n， the reliability of test was found to be reasonably 
high (Cronbach alpha = 0.97) and the issue of validity in 
t e r m S
 °
f
 intent-and construct validation was discussed. 
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CHAPTER 5 
CONCLUSION, IMPLICATIONS AND SUGGESTIONS 
FOR FUTURE RESEARCH 
5.1 CONCLUSION 
This study began by pointing to the inadequacy of 
conventional tests in assessing mathematical understanding. 
And indeed, there is no simple relationship between 
performance and understanding. In general, students' 
misconceptions can hardly be justified or interpreted on the 
evidence of the scores alone as obtained from the traditional 
assessment. The research reported here presents a model for 
designing a penc il-ancl-paper test with an attempt to assess 
i 
students V understanding in the domain of coordinate geometry. 
As suggested from the information-processing model, think-
aloud procedur-es have been used as a tool for deriving 
evidence of subjects
1
 personal theories and also for inferring 
the ir knowledge structures. The schematic representations of 
their cognitive structures provide a rich description of how 
students interpret and made use of concepts that have been 
developed during the course of 1earning. 
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A comparison of “ expert-novice “ differences in the way the 
k n
°
W l e d ? e S t r u c t u r e s
 represented was made to help identify 
the kinds of misconceptions that often affect novice 
performance. The performance of the two groups of subjects 
S U g g G S t s t h a t t h e
 contrast between "expert students and novice 
S t u d e n t s
" defined in this study) may also be interpreted 
by using Snow & Lohman，s notion ( 1.989)，as the differences 
b e t w e e n
 "higher—achieving and lower-achieving novices" in the 
organization of their conceptual structures. Nevertheless, 
the protocol evidence does reveal that novice knowledge " is 
more chaotic and disorganized. As the concepts possessed by 
the novice students are loosely coupled, it appears 七 h a t they 
rely more heavilv on perceptual cues or memorized rules and 
procedures . 
Based on the knowledge of the subjects
5
 mental 
representations in the domain of coordinate geometry, the 
‘ I ‘ ： 
initial test was revised. The test results indicate that some 
of the students' scoring sequences do follow similar sequence 
patterns as predicted from their personal theories or mental 
models. This i-mpl ies that these students might come across 
similar misconceptions (as the subjects did in the interview) 
that guide their thinking while answering the questions in the 
test: 
It was found that the revised penci 1-and-paper test has a 
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h l g h C O e f f i c i e




• ihe issue of test 
va.Ud i t y w a s a l s o d i s c u s s e d . T h i s g t u d y p r o v i d e s ^ 
i n t e r P r S t a t i 0 n
 °
f 咖 S t r u c t v a l i d a t i o n a s w e U a g & 
justification of th^ +-« 4.' 
the test content. Although the discussion 
over the issue of validi tv •；。p ^ 
l d l t y 1 8 f a r f r o m
 complete, it does serve 







 ^ s t with the goal of assessing 
mathematical understanding behind students^ scores. 
5.2 LIMITATIONS 
Based on the current information-processing framework in 
cognitive science, the present study proposes a methodology 
for designing a high-quality test paper for assessing 
conceptual understanding. Nevertheless, since this kind of 
methodology is recursive in nature, test items might need to 
g o t h r o u
^
h a
 number of cycles of further revision before a 
desirable test can be developed. 
Owing 七 0 time constraints, only six students have undergone 
in-depth interviews in the study as information-processing 
studies are time-consuming. This study, like other 
information-processing research, would have to address its 
research questions with typically small subject groups. 
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T h 0 ,
"
h a S S
 — ^ in t h i s s t u d y l s n o t r e s t r i c t e d 
to be used for the domain of coordinate 昨 o m e t r y ( b u t c a n b e 
‘
8
^ " ^ / 叩 ° t h " - -11), the findings of the 
Present research m i g h t n o t b e g e n e r a l i z e d t。 t h e t e g t i n g 
situations in other school sectors. 
5.3 IMPLICATIONS 
A shortcoming of traditional assessment is its inadequacy in 
r e V e a l i n ? s t u d e n t s
' Partial knowledge or misconceptions that 
h a v e d e v e J
° P
e d 加 r i n g the course of instruction. Though 
conventional testing approaches do contribute to serving the 
purpose of placement or making summative decisions, they 
appear incomplete for diagnostic purposes. What is needed is 
I 
an approach that describes a student's erroneous responses(s) 
based on an understanding of ^ the learner's knowledge 
structures . 
A main objective of teaching coordinate geometry, for 
instance, is to he]p students develop an understanding of the 
geometrical significance of key concepts underlying the 
analytic methods ( such as the use of line equation). 
Nonetheless, owing to students
]
 apparent procedures through 
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 (too .uch) that students do not 
C a r e f U l
 -Pl-at ion of the basic concepts 
in the working procedures. 
SUCH k i n d
 °
f
 " might aggravate if teachers go on 
without being appropriately informed about students' own 
l e a r n i n g d L f f i C U l t i e S
 & Ue test performance. As pointed 七 
b y N i t k
° (
 1 9 8 9 )，讣（川H be used as "an integral part of 
the instructional method or process" (p.447). This implies 
that an understanding of students' knowledge structures is 
important for providing a linkage of diagnostic tests with 
instruction . 
Current theories from cognitive science have provided a 
sound framework for cognitive research in mathematics in 
assessing studen七s, unciers七anding in terms of their knowledge 
i • 。 
structures. The use of verbal reporting and think-aloud 
protocols in task-based interviewing serves the need of 
identifying student misconceptions in a knowledge domain. 
However, cognitive research employing these techniques is 
limited by a great amount of time consumed iii conducting 
interviews as we.11, as by the complexities of interpreting 
verbal protocols from think-aloud sessions. But studies of 
this sort can be made more significant by developing 









B 丨丨“•丨“丨  ^111^1181¾1¾¾¾^¾¾¾^^ 
‘
11 C l a S S r
° °
m S i t U a t i o n s
 d e t e c t i n g student conceptions and 
misconceptions. The implications of the present study suggest 
that it is feasible to design this kind of test for diagnostic 
P U r P
°
S e S e V e n 让 卯 扑 process of identifying a learner's 
k n O W l e d g e
 and structures is not meant to be 
C O m p l e t e d u e t o
 r e C u r s i v e nature of the methodology. 
5.4 SUGGESTIONS FOR FUTURE RESEARCH 
Mathematics teachers need to know more on how a learner is 
working with an incorrect mental model and .how the flawed 
model can be repaired. For an ideal integration of assessment 
with instruction, students' knowledge structures need to be 
assessed before any instructional procedures can be developed 
to repair the identif ied flawed model. 
I 
Diagnostic assessment provides direct information about the 
nature of instruction needed for remediation. However, more 
research efforts are required to give a more complete 
interpretation of test scores by refining the procedures for 
identifying the more subtle misconceptions behind the working 
procedures. In addition， an instructional intervention 
research program is needed to find out how student knowledge 
structures can aqtual1y help teachers design instructional 
materials and procedures for rectifying misconceptions. 
-147 - 、 
1 H e f U t U r e S h m i l d
 W 叩印 m o r e alternatives for assessing 
-thematical^understandin,. A m o n g t h e s e , t h e d e v e l o p m e n t o f 
C
°
m P U t e r S y S t e m S f 0 1、^-t i fyin, misconceptions would be a 
worthwhile area of research. 
. I 
-148 一 、 ( ' 
Appendix 1 
INITIAL TEST FOR CONCEPTUAL KNOWLEDGE 
Q U T Z




 ———— • 
The Purpose of this test is to find out students' thinking process 
二 th -tte.pt all the ^ s t i " 
i n t h
" t -
q h l S t e s t ， U i s important for you to write down 
r-V
 t h l n k
 °
f W h i l e S o l v i
^ For instances it is 
=二 -dln^ * . /.T. C ° : , I d i n C b l d e S O m e descH.pt ions for elaborating 
^ h . V 旧 of any formulas used, and，pictures, or 
& r a p h s y o u h a v e 旧ed in answering the questions. You may 
^！‘17 l r r e l e V a n t m a t e r i a l s ' i f necessary. But please DO 
Mni_^ RASE the errors you might have made in your working. Tha'nk 
you for your cooperations. 
'
 1
 — — - - ., . ., _.. 丨 一.i 
The answers are shown in angle brackets, < >; and the score for 
七 h e corresponding.answer is indicated in square bracket,[ ]. 
1. ( Note : In this question, you may choose more than one 
answer. ) Two nonvertical lines in the plane are parallel if 
and only if 
A. their angles of inc.1 ination with the positive direction 
of x-axis are equal； 
B. their intercepts on the y-axis are numerically equal； 
C. their slopes are equal 
D. Others (Please specify : . 
<A and C> [2 1 
2. Find the value (s ) of x if (x
2
 - x, x + 1) = (2, 0). 
< x









4，2)， C=(/，2)， and D=(4,5). Find its 
<ABCD is a parallelogram〉 [1] 
<Area = ( 7 - 4 ) x ( 5 - 2 ) = 9 > [l] 






t h e x
~
a x i s a t t h e
 Points E and F respectively, f ind the length of EF. 
/ / L i > [11 ^ 
<EF =卜 121 + 1-24 1 = 36> [1] 
5. Given the lines : 5x-y-10 = 0 and L2 : 5x-y-l=0. If the 
丄 ines Lx and L2 cut the y-axis at the points G and H 
respectively, find the length of GH • 
<L1//L2> n1 
<Gfl = T-10I - I-1 I = 9> [1] 
6. Show that a line joining the points (3,4) and (3k,4k), for 
some k>1 , passes through the origin. 
〈EQUATION OF THE LINE SEGMENT JOINING THE POINTS : 
(y-4 )/(x-3 ) = (4k-4 )/( 3k-3 ) = (4/3 ) => (4x-3y) = 0> [1] 
< ' - ' ( 0 , 0 ) satisfies the equation, ... The line passes through the 
origin.> [1] 
7. In Figure 1， it is given that 
L| : 2x+3y = 15 
Lz : 2x十3y = 12 
L3 ： 3x-2y = 12 
L4 : 3x-2y = 15 
<MN is not vertical> [1] V / 
< So lve L j & L3 ; L之 & L个 to ^1/ 
find the coordinates of N 
M & N> 
<Use distance formula to 




If L(1 and Lo intersect at M, and L2 and L^  intersect at N, 
find the length of MN. ‘ 
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8 . In Figure. 2 , it is given that p=(4,5 ) c 
and PR // qs “ ^,o J,^ K-j units jQS = 6 units， 
Find the coordinates of Q. 
=
 4 : x
 = 1-2 OP:OQ = 5 : y = 1:2〉 [1] 
< Q = (8， 1 0 ) > [1] 1 J 
y4 ac ！) 
I _U2L I 
0 R S x 
Figure 2 
9. In Figure 3，it is given that Lj : 4x-2y-f 5=0 and Li ： 2x+y-15 = 0, 
T is on line Lt and K on the line L2 so that TK is horizontal. 
The line cuts the x-axis at X and the 丨 y - a x i s at Y such that 
XY=YK. 
<y-coordinate of T =y-coordinate of K = 2〇Y = 5> [1] 
<Use this value to find the x-coordinates of T and K> [1] 
<TK = x-coordinate of K - x-coordinate of T> [1] 




THIS IS THE END OF THE TEST. 










































3 2 19 
33 16 
34 9 
35 . 11 
36 3 
3 7 11 
38 15 
Number of students 37 
Mean score 11 
Varian.ce 16 
Highest score 20 
Lowest score 2 
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Appendix 3 
QUESTIONS FOR THE FIRST INTERVIEW 
[The subjects were required to think aloud while answering the 
quest ions .] 
1. Which of the lines shown in Figure 1 are parallel? 
Answer : 
• 
I , / Figure 1 
2. In Figure 2, if AB//CD, find the angle 9. 
. y h I 
I I I ^^ H I 11 
L ： ^ 
B , 
/ Figure 2 
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3. m Figure 3, given that p = 53°, q = 38°, find r. 




 t figure 4, that p = (4,5), OPQ is an isosceles 
triangle such that OP 二 PQ， find the coordinates of Q. — 
山个 PC4>S) 
0 >< Figure 4 . 
In Questions 5-6, if you think that the statement given is correct, 
put a "/" in the bracket, and if it is considered to be wrong, put 
a ’，X". 
•  I 
5. Given two points A(m,n) and B(p,q) 
If A and B represent the SAME point on a x-y jplane, then 
(a) m = q and n =. p ( ) 
(b) m+p = n+q ( ) 
(c) m.p = n.q ( ) 
(d)m = p o r n = q ( ) 
(e) m/q = p/n * ^ ^ W ( ) 
6. Given that the slope of line L is 1 1/3, the line L may pass 
through 
fa) (-3， 0) and (0,4) ( ) 
(b) (9,8) and (5, 5) ( ) 
-154 一 、 (' 
^ ^ ^
 5，W h i G h ° f 1-es shown has the g r ^ s t sloped 
f 
I Figure 5 
8. In.Figure 6, given that th line 3x+4y = 5 pases through 七 h e 
points P，Q，and R such that PQ = QR. Find the coordinates of 
P,Q，and R . ！ 
- Figure 6 ^ ^ ^ 
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9. In Figure 7, given that AB//CD, AB = 4 units CD = 8 units, C 
=(9,10). Find the coordinates of A. 
U i 
J 1 CC^lo) 
0 B 5 ^ 
Figure 7 
• j 
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Appendix 4 
Subjects’ protocols of the first interview (The Chinese Version) 








(Codes : [I] for Inten/iewer, [S] for Subject) 
The subject [5210]: 
[Reading Question 1] 
1.在四條線中[指著題中的圖】，L2這邊的角爲1800-彳470= 330,因此L2/L4. 
2. L1與丫-軸的夾角爲40,與X-軸的夾角則爲900 - 44° = 46°,所以|_彳與L3不平行. 
3.因此,祗有L2與L4平行. y h 
[Reading Question 2] 
1.八已鎳_父-軸的夾角爲1800- 1250 = 550. 
2•因爲 AB/CD，CD 與 X-軸的夾角爲 550. g ~ ~ ^ J ^ 
3.用 900 減 550 傳 350,便知道 0 = 350. ; 




• . . . ‘ t . ： . 
• , - • . 、 . . . ：. 1..1.-. ;•/ -.(、,-, .: ； “：• » ‘、.•••‘,• 
4丄2與父-蚰及丫-軸形成一個直角三角形. ‘丨：：，.;,。:,:：：:::£ :. 
台.r的對頂角爲（900 - q),即520. 
6. [！]你在開始之時,有沒有假設過這段線爲平行線？ •； 
7.[S]沒有. 
[Reading Question 4] . 




'這條_ [由P點作線垂直於底線OQ]的兩邊長度應是相同’即每邊長度爲2，因此Q = (4，0). 
4. [I]你認爲底角相同有助於找出Q點的座標？ 
5. [S]我沒有想過這點是否有助找出答案，祗是一看到等腰三角的直覺反應• 
6. [I]你怎樣利用已知點p(4, 5)找出Q點的座標？ 
5； §]品我Jf、了等腰三角形的特點後,就開始留意到P點的座標.利用P點的座標,就知道p的高度爲 
8. [！]你是否認爲P的X-座標與〇Q的長度相同？ 
9. [S]噢！我做錯了！ P的X-座標爲4,而Q的X-座標應爲8. 
[Reading Question 5] 
J ； ⑶ 是 錯 的 ， 因 爲 八 與 已 爲 同 一 點 時 ， m = p’ n = q,而祗有一些特別的例子,才可以滿足m = q和n三 
2. (b)亦是錯的，因爲巾未必等於q, n未必等於p. 
3.同理’（c)亦是錯的. ；^  > 
4. (d) •的，因爲（m = p and n = q)才對,用"or是不適合的. 
5. (e)是錯的，因爲m = p, n = q, mn參pq.[這題應該是對的} 
[Reading Question 6】 1 
用（y2-y*i)除以(x2-\)，就能找到斜傘. 




與L線平行可以了，所以還是仍用斜率的方法去做. ‘.； .‘人 
[Reading Question 7】. . . , . 
1.由l4開始，L4的斜率是負値,可以不考慮，而同理L3亦因爲是負斜幸而不薷考慮. 
2. L2平行於X-軸[其實未必平行】,其斜率是零. 




[Reading Question 8] 
1.已知線的方程式爲3x + 4y = 5. 
2.設R爲（a, 0),因爲R在X_軸;而Q則爲（o, b) . 
3
 =原來的方程式全式除以5,變成intercept for.【截距式】’睡a = 5/3.而b = 5M. 
4.設P爲（c’ d), Q爲PR的m|d_pr0|nt [中間點】 
5.用 mid-point formula 去計算：（c + 5/3)^2 = 0, c = -5/3, (d + _ = 5/4, d = 5/2. 
6.所以’ p = (-5/3, 5/2) 
[Reading Question 9] 
1•設 A 爲（x’y). 个 
2. C 座標爲(9’ 10). C(^lo) ) 
3.以這個圖表示之[參考附圖】 






5.噢丨我弄錯了，這高度不是4. 0 卜 — — 1 > '丨 
6.因此,我應該得到；<^  = 9/彳0,或1(^  = 9乂 彳 「 〜 . k 。 
/ L n -j^ r auei-h^ 4 ] 
8.已知10x = 9y,我要找另一個x與y的關係. . ：丨 
9-[………] -‘ 
10.4 比 8 等於 x 比 9，即 4/8 = x/9,x = 4.5. “：力：：玲；：、: ： 、 | 丄 
11.4比8等於 y 比 10，即 4/8 = y/10,y = 5. V ：：： 
12.所以 A =(4.5, 5). 
13.⑴在_始時,你遇到什麼因難？ . 
14. [S]我忽略了 AB，CD的長度作爲在三角萇度比例上的蓮算. 
15.[丨】請詳細一些去解釋你如何找出A點的座標. 、 丨 ’ 
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16. IS]細中，AB/CD^  OB/OD = OA/OC -- 4/8 = y/10 = x/9,因此 x = 4.5, y = 5. 
The Subject [5232】： 
[Reading Question 1] 
[The subject wrote down the answer without saying anything] 
1.[丨]你怎樣找出L2平行L4? 
2. [S] L2與X-軸的夾角是（180o -1470) = 330,和l4與X-軸的夾角相同，所以^^ 
3. [I]除了 L2/4外,會否有另一對平行線？ 
4. [S]沒有. 
5. [I] ^和L3會否平行？ 
]^】Si相Ll與丫柳勺夾角是40’因此Ll與軸的夾角是90 - 440 =柳’與L3【形成於 
[Reading Question 2] 
1. A日[與X-軸】的夾角是（1800 - 125°)，等於550. 
2. A日和丫-軸的夾角是（1250 - 90°),即350. 
3.所以，e = 350. ..,:::::,。::::，:. ‘ 
“j • ： ， ’ 
[Reading Question 3) » 
1
 •已知q角等於3 8 0，作一條線平行於X-軸,得到(q + r = 90°),所以r = §0o - 38°,即te。. Z / 
2. W這雨段線，即h和L2,會平行嗎？ f 
3. [S]不會,因爲 r = 52°, p = 53°, r^ p. Y^X ^ 
—• •"•_ • f • • ’ i i i • 
[Reading Question 4J 
广 ' Cfi^ ^ 4 r 







 =41, 16 + 25- 10y-y
2
 = 41, y
2
 - 10y = 0, y = 10. 
4所以，Q點的座標爲(0, 10). 
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5. [1]你怎樣理解已知點P(4, 5)和未知點Q的關係？ 
實。(? ！) ?SS】[中間點】爲4, (0, 4)爲OQ的【應該是(4, 0)],所以，Q的座檫 
7. [I]你認爲這三角形opq的高度爲若干？ 
8. [S]它的高度是5,由P的丫-座標得知. 
[Reading Question 5] 
1.如果A與B同一點’ m應等於p, n應等於q,所以⑶是錯的. 




6. [S]假設m和n, p和q的數値不相等. 
7. [I]在考慮(d)部份時，你是否認爲"m = p"與"n = q"兩者的條件,？g需荽滿足萁中一個就行呢？ 
8. [S][ 】"m = p"與"n = q"應用"and"去連接. 
[Reading Question 6] 
1.已知鎳的斜率爲. 
2.引用斜率公式,(y-yO+h-Xi). ., 
3. (a) M (b)部中，L皆不能通過這些已知點,[(a)部份的斜率,誤算作(-1-L). 
[Reading Question 7] 
1 . 最 大 的 斜 率 , 表 示 那 條 線 最 , . ： 
2. 一的斜率大於L2. • 、V；, / 
3. q 的斜率蕞大. , ‘ 
4.[丨】爲什麼你不考慮L3與L4的斜率？ 
5.降]因爲1^3和1_4的斜率都是(負値)的,所以我不考慮. : 
[Reading Question 8] 
1. R點在X-軸上,X-座標爲0 [Y-座標爲0才對],代入3x + 4y = 5, y = 5/4，所以R = (0, 5/4). 
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2.同理，Q點是（5/3, 0). 
3
'酬 mid-p_ the0rm【中點定理】’即(X^, 因此 P 是(-5/3, 5/2). 
[Reading Question 9] 
1. AgOC 6¾ mid-point. 
2.利用 intercept theorem [截距定理]，A 的座標爲（9/2, 10/2),即（4 丄，5). 
The subject [52241: ^ 丨 1 , 
[Reading Question 1] KX 
、！^與^這兩隻角不相同丨參考附！^，因此！^不平行於^ I / l 
2. L2/L4,因爲l_2與X-軸的夾角爲1800 - 147° = 330與L4 [與X-軸的夾角]相同. ^ | K 
tRjur-e -for I 
[Reading Question 2] \ ^ 
1.這個角是900. 丨 1 
2. 125° - 90° = 35
0
. X \ y x^ 
3.因此’ e = 350. / ^ f 
^ ^ Q ["PryM-之-br Stcesko" 2] 
[Reading Question 3] 
... •]. 
1.q 角是 380. 
2.這兩條線未必平行. 
3. r + q = 90°. 
4.所以，r = 900 - 380 = 520.. 
[Reading Question 4] 
1.已知P(4，5), OPQ是等腰三角形. 
2
. Q是（8, 0), P的X-座標是4, Q的X-座標爲P的X-座標的兩倍(即4加4). 
3. [I]這三角形有多高？ 
4. [S]其高度是5. 
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'舉例，A = (0，0)，日=(0’ 0),則⑶與（b)都是现甚至(0, (d), (e)都可能疏 
3.但如果A = (1? 2),8 = (1, 2), fj (a), (b), (c)都是錯的’但(d)與（e)都是對的 
4. [I]在⑶部份,如雜"or改爲"and",會不會影觀你考慮其眞確性的看法？ 
5. [S]不會. 
[Reading Question 6] 
1-將每部分的斜率找出. 
2.因此,我發現（a)是對的,而山）是錯的• 




4. [！]你認爲應否考慮1 ,負値"，去判斷那條線段的斜率爲最大？ 
5. [S]應該£：考慮正,負値],因此我是覺得這答案應爲Ll. 
[Reading Question 8] . u i 
— \ P ^ F 
1.首先找出Q點與R點. \ 
3.因此，Q = (0, 5/4), R = (5/3, 0). ^IPV 
4.在圖中,這邊長度爲5/3, Q^以上至P點是5/4. — ^ 
5.因此 P 的 X-座標爲-5/3,而丫-座標是（5/4 + 5/4) = 5/2. •‘ 
6.所以,P = (-5/3’ 5/2). jor 8 ] 
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The subject [5203】： 
[Reading Question 1] J 个 / 丨 〔 2 
1.在圖中，x = 440,對頂角. Z / L牛 
2.所以，y= 1800-440= 1360. 2 0 ^ Z / / 
3. Ma = 180°-44°= 136°. J/ 
4
.因爲 -^ 
5•所以 1^ 與|_3 平行. , / i ~ p 7 ^ ^ / 










14. [I】你怎樣利用那些角度去斷定線段的平行？ , 
15. [S]某一條線形成的兩隻角與另一條線所形式的兩隻角栢等. V l{o 
:1
6
.[丨】可否在另一圖中表示出,若已知有兩條線亙相平行,那些角度會相等？ 知 / 0 
17.[3:繪_設|_5//[6, 角會等於,角. y y 
18. [I】但這對相同旳角與平行碱有什麼關係？ Z / 
C fr^ure.斧r 17 J 
19
-问假如已知L6的夾角是50。，就可以求得h爲130,又知巣已知e角爲1360健可汆傳Q爲纫。從 




23. [S]要看這條(橫線)怎樣Cut L5與L6. 







29. [S]不，每邊兩隻角度足夠了. • 
30
-[丨】如果在圖中[參考第17行的附圓】，9 = h = 1300, e = 500,你認爲L5與^平行嗎？ 
3 1
 • [
S】f 1 [5會平行L6,因爲它們的斜度相同. 
[Reading Question 2] ^ 
1.首先我在圖中,設這角P，以方便我找出角的關係. ； 
2. (3 = 180°-125° = 55°. fe ^ X 
3.因爲A已平行於CD,所以p = e = 550. 
^ 〔T^ iAnL.r 2 
[Reading Question 3】 . ’ 
1.首先我想知道這兩線是否平行. ? ；‘： 
2. |3 =1800 -380= 142°. 广 ^ 
3. 0 = 180°-53°= 127°. / 
4.我發現這條兩線不是平行的• r . 、 
\ [ 叫 吖 总 j t ) r 6^决6八5」 
6.設這個角爲X, 180°減90o再減……"，呀，這個角不知道，不行.[擦去x角】._ 
7. [ 】 
8.這隻角爲r,這邊的對頂角爲r. 
9.[…“…“】 
10.q會等於 r 是（同側外角). • 
11. q = r= 38°. 
- 1.65 - • 




2.。在乂-軸上 [ ]. 











10. [ 】 
11.a + b = c,c=8lQ = (8l 0). 
12.但我不肯定這答案是否正確. 
13.[丨]爲什麼你不能肯定這答案？ 
14. [S]因爲我想不到適切的公式去找出Q點的座標. ； 
[Reading Question 5】 
1 •因爲我不知道m,njPlq的數値，假設m是正數,n是負數,p是正藪、q是負數. 
2.因此m = q, n = p是錯的. 
3. [I]如果m, n, p, q全都是正數,你認爲(a)部的條件正確嗎？ 






10. m/q = p/n, m/p = q/n. 
11.A, B同一點,m除p應等於n除q,所以（e)是錯的. 、. 
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l因爲我考慮八’ B點座標’如果A' B同—點,m除以n會等於p除以q,所以m除以p等於n除以q才 
[Reading Question 6] 
1._的斜率是彳+ . 
2.我將每一部份的斜率找出來. 
3. (X2 _ Xl)除以(y2 - Y1)……. 






)H-3 - 0) = 4f(-3) = -1^  ’ [(a)是]錯的. 
6.在（b)部，(5 - 8)+(5 - 9) = 3/4,錯的. 




[Reading Question 8] 
1.因爲己知 3x + 4y = 5, y =(-3x - 5)/4,斜率是 -3/4. 
2. PQ 等於 QR[ ..] 
3.設卩内’”),Q(x2, y2),因此(y2_yi)+(x2 - 々）=』/4. ‘ 
4•而（y2: 0>f<0 - Xl) =-3/4,所以々 =4, y2 = 3. 
5.所以 R = (4，0), Q = (0, 3). 
6.設 P = (x, y), Q 的座標是（0, 3). 
7.因此，(3 - y)f(0 - x) = -3/4,但利用這條線的斜率又找不到P的座標. ：‘ 
8. [ ] 。:《'、,:..； 
9.似乎我想不到方法可以找到P的座標. 
10.[丨]在圖中,你知道〇Q的長度嗎？〜 . 
11. [S]因爲 Q= (0, 3), OQ = 3. 
12.[丨】Q的Y-座標與P的丫-座標有什麼關係？ 
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1¾¾ ？4的6)丫-座標是P的丫-座標的—半’因爲PQ = QR.而渊=4,龇這點是-4,【指P的X德]，所 
[Reading Question 9] 
1.已知 AB/CD, AB = 4, CD = 8. 
2. AB ： CD = 4 ： 8 = 1/2. 
因此設 A (x, y), A (x’ y) = 1/2 C(9,10), 
4.所以 A = (4.5, 5). 
5. [I]你可否在圖中顯示出’從C點與A點的座標，可得知那些線段的長度？ 
6. [S ：在圖顥示出正確的線段長度;j. • 
7. [I]這些長度與AB及CD的長度有什麼關係？ 
8. [S]因爲相似三角形的關係,OB和〇D在同一上,OD是OB的兩倍，所以C的座標是A的座檩的兩倍• 
The Subject [5236] 
[Reading Que纟tion 1】 
1.L2的左邊[角度】是1470. 
2. 1 SO
0減彳47°是330,所以L2 = L4 [應該是"平行”而不是"相等"】. 
3- “是440 [指一與丫-軸相交的角度】. r 
4. L3是440 [指L3與X-軸相交角度】， 
5.[……頗長的停頓]. 




10. [S]用1800減去上面的44d等於用1 80q減去L3右面的440,所以一/!^. • 
11. [I]你爲什麼不直接說“因爲q上面的角和L3右面的角都是440,所以Li/L3? 
12. [S]我唔知道呀,我想起這處[指她如何證明"L2 = L4“的情況】是用180。減這個角,我想現在Ll和L3 
的情況較爲複雜,要同時用1800減去4°求證. 
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13. [I]你用什麼理由去判斷Li/L3? 
14. [S] 不知道呀. ‘ 





4.因爲 AB/CD,所以 e = 350. 
[Reading Question 3] 
1.q是380,這隻角是900. 
2.這個角是r的對頂角. 
3.所以 r 等於 1800 - (90° + 38°) = 52°. 
4. [I]你認爲這線段平行嗎？ 1 
5. [S]不平行,因爲p # r. 
[Reading Question 4] 
1. O fe座檩應該是零[.……],即〇(0, 0): 
2.庇圖中由P點畫直線垂直於三角形〇PQ底線】. 1 ：‘丨:!： 
3.這條垂直線平分底線,P的X-座標是4. 5 ： 
4.因此這個等腰三角形的底的兩邊長4,所以Q的X-座標是8, Y-座標是0. 
[Reading Question 5] . 
1.[喃喃自語,並寫下（a)與（fc»)的答案】. .... •：；,;•, 
2.如果 m = 1,n = 2,則 p = 1rq = 2,所以 m —⑶是錯的. ；： y 
3. m + p = 2，n + q = 4, m + p = n + q, (b)是錯的[將原來的"/改爲"X"]. 
4. (c)都是錯的. • 
5•當 m = 1, p = 1，而 n = 2, q = 2,所以(d)是對的. 
6. m/q = 1/2, p/n = 1/2, m/q = p/n, (e)是對的• 
-169 - . 
1,1如果A與B是代表同—賊那麼m, n, p, q會有什麼關係？ 
8. [S] m會等於p,而n會等於q 
9. [I]是否"m = p"或"n = q-成立就行嗎？ 
10. [S]是. 
1.[丨]最初你認爲（b)是對的,爲何後來又覺得（b)是錯的？ 
^ I S I ^
 (C)部時’想到可用實數翅設A與B的座標.當我再用這些數去檢驗(5)的眞確性時， 
13. [I]爲何你認爲(a)是錯呢？ 
14. [S]因爲根據我假設的數値，m不等p, n不等於q. 
15.[丨]那麼會否在某情況下,你認爲（a)是正確？ 
16. [S]除非 m = n, p = q. 
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[Reading Question 8] 
1.根據斜率的公式,m = (y2 -力沿勺_ X1). 
2.已知 3x + 4y = 5, 3x = 5 - 4y,所以 x = (5 - 4y)+3. 
3.將 x 代入 m 的公式，m = (y2 - yOMx? - (5 - 4y)/3). 
4.[………•] 
5. [I]你能否找出這條線3x + 4y = 5的y-intercept? 






12. [S]—條 equation 中的 y 値. 
13.[丨]什麼是"x-intercept"? • 
14. [S]方程式中的x値. . 
[Reading Question 9] 
1.已知 AB/CD, AB ： CD = 4:8. 
-2 0(3 -.. 
2.因此CD是AB的兩倍. 
3.已知C的座標是(9, 10),所以A點的座標應爲(4.5，5). 
The subject [5212] 
[Reading Question 1] 
1. L^/Lg,因爲這兩個角都是440,它們的斜率相同. 
2. L2的另一邊夾角等於180  - 147o = 330，而L4的夾角亦是330,所以L2/L4. 
[Reading Question 2] 
1. AB 線的另一邊角是 180°- 125° = 550. 
2.因爲它們是（外錯角）的關係,e = 550. 
[Reading Question 3] 
1.已知q = 38°,設r的對頂角爲x. 
2. X 等於 1800 - 90Q - 380 = 520. 
3.所以 r = 520. ‘ 、 
4.[丨】這兩線是否平行？ 
5. [S]不會的,因爲p卢r. 
[Reading Question 4] 
1 • O點的座標是(0，0), P點是(4, 5). 
• 2. O 與 P 距離=^/(4 - 0)2 + (5 - 0)2 =^4T. 
3.而PQ = OP,所以PQ亦等於 
4.因爲不知Q點的座標,所以設Q = (X，0). 
5. PQ = /(X - 4)
2




 - 8x + 16 + 25 
V
 ^T 丄-8x + 41 
41 = x
2
 - 8x + 41 
0 = x
2
 _ 8x 
0 =x(x-8) 
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x = 0 orx = 8 
6.所以，Q = (8,0). 
7. [I]你可否在圖中指出那段長度是P的x_座標，而那段爲p的丫_座標？ 
8. [S ：在圖中成功指出那些長度j. 
[Reading Question 5] 
i S f i f f l 於 ^ ¾ ¾ ¾ ¾ ^ ¾ 標 是 m ， 丫 - 座 標 是 “ ’ 而 B 的 則 分 腿 P 和 q ， 因 此 m 必 須 
^¾¾¾^然 A,已同一點'但（m + p)未必等於（n + q).例如 m = 11, n 二 4，而 p = q = 4，（1 + 
3. (c)亦是錯,(m x p)未必等於（n x q).如果A, B點等於(3, 4), (3 X 3)不等於(4 X 4). 
4. (d)是正確的.因爲A的X-座標等於B的X-座標,而A的丫-座標等於B的丫-座標，即m = p, n 二 q. 
是^正確的，因爲m, p都是相同的X-座標’而q, n是相同的丫-座標,所以m .除以p等於q除以n等 
[Reading Question 6] 
1.已知點(-3,0)和（0,4). 
2 . 而 L 的 斜 率 是 彳 • 
3








.[Reading Question 8] 
1.在3x+ 4y = 5的線上,有三點P, Q, R. 
2.設。(0，”)，R(x2, 0), P(x3, y3). 
3•在 R 點上,3(X2) + 4(0) = 5, 3X2 = 5’ x2 = 5/3,所以 R = (5/3, 0). 
-2 0(3 -.. 
4 而 Q 點上， 3 ( 0 ) + 邮 ） = 5 ’ 饷 = 5 ' V 1 = 5/4,所以 Q 點 -一 (5/4,.),錯了,應該是 Q ： (0,释 




8.而 PQ = J ( X 3 - 0)2 + (y3 _ 5/4)2 = 25/12. 
9.噢,這方法錯了. 
10. (y3 - y)除以（X3 - X)等於(y - y2)除以（x - x 2),錯了 . 
l l $:/¾¾ H xR)(5/3’ 0)’將（P點h減Q的力除以（P點x3減Q點的从等於(R點y減Q 
12.即是（y3 - 5/4)f(x3 _ 0),等於（5/4 - 0)+(0 - 5/3), (y3 - 5/4) / x3 = (5/4) / (-5/3) 
13.所以,4y3 - 5 = -3X3,即 3x3 + 4y3 - 5 = 0 
14. [ ] 
15.錯了. 
16.在 3x + 4y _ 5 = 0 的線上，-C/A = x, -C/B = y, -(-5/3) = x, -(-5/4) = y, 5/3 = x, 5/4 = y. 
17.所以,P = (5/3, 5/4). 
18. [I]你可否說你怎樣找出P點的座標？ 
19.降】我利用公式的• • .‘ 
20. [I]什麼公式？ 
21. [S】我記不起了. 
[Reading Question 9] , 
1. AB平行於CD, AB的斜率等於CD的斜率. • 
2. CD 長度是 8,設 D = (x2, 0). 
3. CD=V(x2-9)
2




+ 100 . 
64= (x2 - 9)
2
 + 100 
64 = X 2 2 - 18X2 + 81 + 100 
0 = x2
2
- 18X2+ 117 
-2 0(3 -.. 
f 】 
5 . 利 用 公 ^ 2 a = x2 
〔(…)^/W7^^))/2(1) = X2 
18^324-468 
6.有什麼用？ 
7. [I]假設你能正確地找出x2的數値,你如何利用這値找出A點的座標？ 、 
8. [S]以乎找出x2的數値沒有什麼幫助. 
- 1.7 5 - • 
Appendix IOA 
S U b j
'
e C t S
' P-tocols of the first interview 
(The English Version) 
Six subjects have taken n -h - , 
interview sessions. “ These i n 。HW think-aloud task-based 
「5232 ]. [ 5224 1 ) ind thr^ I n C l u d e t h r e e expert students ( [52101 
The i 二 二 [521.0], ！ ： 
The subjects used mai nlTCanton ' rnid-December after school. 
t h e i r thoughts, t h o u ^ ^ o L t i ^ ^ ^ t h ^ " I ' r °
f ⑶ 卯 彻 細 
in English. In thi, t h p
t h
=
a ， C a • t e r m s w e r e 
K O d e S
 •
 [ I ] f o r
 Interviewer, and [S] for subject.) 
I l m y k l ？ 卫 . ： 
[Reading Question 1] 
1. poking at the four given lines [with fin-er pointing fo ^ 









 & 90O-44、46CV therefor/Lf ^s Lt 
3. Thus，we have only L2//L牛. ^ ^ 
• I I I^ r?^ ___, I 
^Xl Figure for Question 2 
[Reading Question 2 ] J> 
1. The angle between the .1 ine AB and 
the x-axis is 180°-125°二55°. 
2. Because AB//CD, the angle between 
CD and the x-axis is 5 5°. 
3. Subtract 5 5° from 9 0°, we have 35
0， and we know 0=35°. 
-176 - . 
[Reading Question 3] 
1. [In the figiire- given] one of the lines makes an angle p with 
the x-axis, that is, 5 3°.
 P 
2. Another line [making the angle with x-axis] is r, 
3. Let these two lines be L| and L2 respectively. 
4. forms a right-angled triangle with the x—and y-axis. 
5. The. vertical opposite angle of r is (90°-q ) , that is 52°. 
6. [II As you began doin芎 this problem, did you have assumed that 
these two ：1 i ne segments are paral lel ？ 
7. [S ] No. 
[Reading Question 4] 
1. The point Q is on the x-axis. 
2. OPQ is an isosceles triangle, base angles are equal, with 
height equals to 5. 
3. These two lengths of the base [ the line OQ as bisected by the 
line dropped perpendicularly from the point P] are equal . 
Thus, the length on each side is 2，so Q=(4，0). 
4 . [I ] Do you think that it is helpful in finding the coordinates 
of Q by knowing "equal base angles"? 
5 . [S] I have not thought of whether this information is helpful 
or not in finding out the answer, that is only a kind of 
direct response from looking into the isosceles triangle. 
6 . [I] How did you make use of the given point P ( 4 , 5 ) in finding 
out the coordinates of Q? 
7. [ s ] After I have considered the properties of isosceles 
triangle, I began focusing my attention on the coordinates of 
p. By making use of these coordinates, we know the height of 
P is 5，and'I" the length of] OQ is 4. 
8. [ I] Do you think the x — coordinate of P is same as the length 
of OQ ？ 
9. [s] Oh! I g'ot this wrong ！ the x-coordinate of P is 4，so the 
^-coordinate of Q should be 8. 
-1.77 - -
I Reading Question 5] 





 0 n l y S
°
m e 卿 t i c u l a r examples would satisfy 二 二 二 ： 
2
. =
0 二 二 l b r : r m 1 3 n 0 t n — 山 y 一 to q， 
3. Based on similar arguments, (c) is also wrong. 
^ ’ 、 二 二 叫 心 ， ⑶ 贴 〜 ^ 1 5 叩 卯 。 t 。 s t a t e 丨'm = p a n d 
n-q ， using or is not proper here. 
5
' [ii
 n o t C O r r e c t
'
 a s m =
 inn^ pq. [The subject could 
not make a correct argument for this part]. 
[Reading' Question 6 ] 
1. Divide ( y z - y l ) by ( xz- x,) , we can find the slope . 
2. [The subject begin computing the values of ) -f (x _x ) 




 found that [the line] L could possibly pass through these 
two points [referring to the two given points in part (a)]. 
4
 • [ 工 ] I n thinking of part (b) , it appears that you made an 
attempt of using another approach different from what you have 
used in (a), didn't you ？ 
5. [ s] Yes, I have tried to think of setting up an equation to 
see whether it could be satisfied with the 'given points by 
substituting them into it. But then I decided to use the 
original approach of finding slope as the question actually 
requires me to know whether the line segment passing through 
the two given points is parallel to the line L. 
- 178 - . 
[Reading Question 7 j 
“ 二 二 = , S loPe。 f i s 
I do not consider I」5 . B a S e d o n S l m i l a r argument, 
is parallel to the v-nvi ^  r “ •； . 
gradient is zero.
 X 1 S [ l t J U S t a p p e a r s t o
 & ] , its 
3
' ^ L t i ^ 。 f W " P O S i t l V e ' t h ^ e f o r e the slope of L). is the 
4
.
 t K a t
 ^ 山 ⑶ ° f 肌 机 be g reate, 
5. [SI Because positive value is greater than negative value. 
[Reading Question 8] 
1. The given equation is 3x+4v=5. 
2. As R lies on the x-axis, let R be (a,o) ; and then Q be (o,b). 
3
 ' Divide the whole equation by 5 to transform it into its 
intercept form, so we have a=5/3, and b=5/4. 
4. Let P be (c，d)， Q is the mid-point of PR, 
5. By mid-point formula : (c + 5/3 )/2 = 0, c = 5/3； (d + 0)/2 = 5/4, d = 5/2. 
6. Therefore, p=(-5/3, 5/2 ). 
I 
-1.7 9 - • 
“•••“
11 ，：flri;gr~ •.」土二 
[Reading Question 9] 
1• Let A be (x,y). 
2. The coordinates of C are (9， 10). 
3. [Dropping perpendicular lines 
from A and C to the x-axis Jj A 
respectively.J 
C C W 
4. By the properties of similar 
triangles : x/4 = 9/10, • / \ 
X = 3
.
6 h i ^ J / ] \ 
5. Oh, I made a mistake here , /K I \ o 
this height is not 4. Z 丨 \ 斗 丨 \ 
6. So , I should have x/v = 9/10, J \ j \ 
or 10x:9V
 U
 ^ > 
^ 0 v ^ J i> A 
7. [ ] ^ 
Figure for line 3 of Question 9 
8. As I know 10 x = 9 y , I need to find another relation for x and y., 
9. •[ ] 
10. 4 to 8 equals x to 9， that is ， 4/8=x/9, x=4.5 
11. 4 to 8 equals y to 10，that is, 4/8 = y/10,y=5 
12. Therefore A=(4.5,5 ). 
13. [I] In the course of doing the problem, what difficulty did 
you have? 
14 . [ S ] I have overlooked that the lengths of AB and CD can be 
used to compute the ratio of the lengths of the sides of the 
triangles . 
15. [I] Could you explain in a bit more details how to find out 
the coordinates of A? 
16 . [S J In the diagram, AB: CD二〇B:OD二OA :DC=OA:DC = 4/8二Y/10=X/9，so 
x = 4 . 5 , v=5. 
-2 0(3 -.. 
The subject [ 5232 ] : 
[Reading Question 1] 
1. How did you find out I」之？ 
2




4 ( = 3 3
 ’ found to be same as that of L4. . Therefore, 
L)之 // Li + . ‘ 
3. [I] Resides this [1,^  //"L斗]，would there be another pair of 
parallel lines? 
4. [S] No. 
5. [I] Do you think h\ //L3 ？ 
6
• f N o . Because the [acute] angle between L| and y-axis is 
44 q hence ^ the [ acute 1 angle between hf and the x-axis is 90° 
一 4 4 二 4 6 , which is different from that [the acute angle 
between L3 and the x-axis]. 
[Reading Question 2] 
1. The angle between the 1 ine AB and the x-axis is (180°-
125°)=55°. 
2. The angle between AB and the y-axis is ( 125°-90° ) , that is 
35°. 
3. Therefore, 6 =35
0
 . 
[Read i ng Quest ion 3 ] 
1. It is known that q = 3 8°, _ - ^ 
construct a line parallel to ^ 
the x-axis, we have q + r = 90
o
, 
therefore r = 90°-38° , that is yKy 
5 2
° . “ — -
Figure for Question 3 
2. [ I ] Do yon think these two lines, L 丨 and L之，would be parallel 
七 0 each other? 
3. [ S] No, because r = 52°，p = 53°, r / - p , 
-181-- . 
I Reading Question 4 ] 
L S i 〜 ( ^ 5 ^ e r i f ^ t h 。 f P ° b y m i m d i s t a n c e formula, that is 
2. As Q lies on the x-asi.x, I want to find out the value of y 「it 
should be the value of x].
 1 




 — y) ^41,7l6 + 25-10y-y^ ^U, y
2
-l.0y = 0, y=l().
 V 
4. Therefore, the coordinates of Q are (0,10). 
5. [I] How did you interpret the relation between the given point 
P(4 , 5 ) and the unknown po i nt Q? 
6
. [S] We know that the mid-point of OQ is 4，the mid-point of OQ 
is (0,4 ) [it should be (4,0)], therefore the point coordinates 
of Q should be (0,8) [ actually it should be written as (8,0)]. 
7. [I] Do you know the height of the triangle OPQ? 
8. [S] Its height is 5， this can be known from the v-coordinate 
of P. 
[Reading Question 5] 
1. If the points A, B come to the same point, m should be equal to 
p, n should be same as q, therefore (a) is wrong. 
2. As m二p，n二q，therefore m + p^ n + q, (b) is wrong . 
3. (C) is wrong . 
4 . (d) and (e) are correct. 
5. [ I] As von began answering this question, did you have made 
any assumptions? 
6 . [ S] I assumed m and n, p and q represent different values. 
7. [I] In considering part (d ) , did you think that either one of 
the conditions "m=p
M
 and "n=q" would suffice for the 
requirement of the question? 
8 . [s] [ ] "and"' should be used to link up "m=p" as well as 
n it 
n = q • 
-2 0(3 -.. 
[Reading Question 6 1 
1. The slope of the line is 1女. 














 m a d e a n err。r ^ computing the slope 
l G 1 (a)， which she found the slope as - 1去 1 
[Reading Question 7] 
1




 T h e
 slope of Lj is greater than that of L^ . 
3. The slope of L； | is the greatest. 
4. [I] Why didn't you consider the slopes of L3 and L4? 
5. [ S ] Because the slopes of L5 and I」牛 are both negative, so I 
would not consider them. 
[Read ing Question 8] 
1. The point R is on the x-axis, its x-coordinate is 0 [actually 
the subject should refer to y-coord inate here], substitute 
this into 3x+4y=5, y=5/4, therefore R=(0, 5/4). 
2. Similarly, Q is (5/3, 0). 
3. By making use of mid-point theorem ， that is 
[}xx+x2 )/2, (yt+y2 W2] so P is (-5/3,5/2). 
[Read ing Question 9] 
1. A is the mid-point 0 f OC. 
2. By intercept theorem， the coordinates of A should be (9/2， 
10/2 .)，that is ( 4 t / S )' 
-2 0(3 -.. 
The Subject 丨 522'1】： 
\Reading Question 1] 
Figure for line 1 of Q. 1 
2
. ' 3o
e C a U S e t h e a n
g
] e m a d e b
y
 L
Z with the x-axis is 180°-
； 4 1 二、33 ， which is same as [the angle between the x-axis and 
J L小. 
[“Reading Question 2 ] /K 
1. This angle is 90° . 1 / ^ 
2. 125° -90° =35° . z 
3. Therefore, 9 =35° , ^ ^ ^ J • 
A' 
Figure for Q. 2 
[Read ing Question 3] 、. 
1. The angle q is 3 8° . 






 -38° =52° . 
. - I S A - • 
t Reading Question 4] 
1. Given P(4,5), OPQ i.s an isosceles triangle. 
2
 ' Thus，Q is (8,0). [becauc； !^ f u^  ” 
c o 0 r d i n a t e 'of Q is t ^ c^ t i a t ^ f °
f
 r
? i s 4
 the 












] Its height is 5. 
[Reading Question 5] 
(a) and (b) could be right, and could also be wrong. 
2
' = ] = • “ ， ： “ / = ( 0 ’ 0 ) ， B 二 ( 0 ， 0 ) ， t h e n both (a) and (b) 
C
°
U l d b S C
°
r r e C t
' (c), (d), and (e) could be correct； 
3
. = 二 (dV^^tVi^c^11 ⑷ ， （ b ) ⑷ 一 — g , 
4
. 节丄,ePr=ld"。？二 " b 二 d i f f — ^ y o u r 
5. [S] No d i fference. 
[Reading Question 6] 
1. [I would] find out the slopes in each part [of the question]. 
I 
2. And hence,工 find (a) is correct, and (b) is wrong.. 
[Reading Question 7] 
1. [The line J Lj is higher than L之，consider 七 h e value of tan 0. 
2. If I consider only the "positive value", the slope of Lj is 
the greatest. 
3. If I do not consider its sign, then the slope of Uf would be 
the greatest. 
4. [I] In judging which line segment has the greatest slope here, 
do you think we should take the sign into our consideration? 
5. [ S ] We should [consider the sign ] , so I think the answer 
should be L|• 
-1R5 - . 
I. Read ing Question 8 ] 
1. First, find out [the coordinates of] the points Q and R. 
2. y-intercept is 5/4， x-intercept is 5/3. 
3. Thus, Q=(0,5/4 ) , R=(5/3，0). 
4. In the diagram, the length P [ 
of this side is 5/3， and | 
P is 5/4 above the point Q. ^ 
5 . So , the x-coord inate o f s^j 4) 
P is -5/3， and the y-coordinate nV 
is (5/4+5/4)=5/2. r J \ 
T 1 X Pff 0) 
6. Therefore , P二（一 5/4’ 5/2). ^ U \^3/、二 
Figure for line 4 of Q. 8 
[Reading Quest i on 9 ] 
1. I think that A is (4,5,5). 
2 . As the rati 0 of [the lengths of] these two given parallel 
lines is 4 : 8， 
3 . So the x-coordinate of A is half of that of C. 
The Subject [5203 1 : 
[Reading Question J] 
-2 0(3 -.. 
‘*" '"*"' . n 一 — 
y ， [ n t}IndPrc°]biem 8 n^ 
o'
 f i g U r e
' g。44。。，vertically opposite angles. 幺. Therefore, y 二 1 80 - 44 = 136 . 
3. Whereas a 二 180° - 4 4° = 1360.. 
4. Because a equals to y, 
5. Therefore L| is parallel to I ; . 
6. c = 18 0° - 33° = 147° 
7. z = 147° 
8. Because z : 14 7° and c. = 14 7°, 
9. Therefore Lz // L斗. ， 
10. How did you reason in deciding for the parallel lines? 
11. Based on their angJ.es . 
12. [I] Which angles did you use for your argument? 
13. [S] The angles formed by each line segment. 
14. [I] How did you make use of the angles in considering the 
parallel .1 .ines? 
15. [S]Two angles formed hv a line [intersecting with a horizontal 
line] equal to another two angles formed by 
another line [intersecting with the horizontal line]. 
16. [I] In a diagram, could youshow which angles are equal 
with two given parallel 1ines? 
17. [Subject is drawing the diagram ] 
Suppose L5- // L^  , the angle e wj 11 equal the angle f, 
18. [I] But what is the use of mentioning this pair of equal 
angles in considering parallel lines? 
19. [S] Suppose the angle of inclination of L^  is 50° ， we ca 
find h to be 130° And if given the angle e to be 130° , we 
o 一 
can get g as 50 ， so we know how these angles are related. 
20. [I] Suppose the angle e is 50° ， would you consider these wo 
lines are parallel [by referring to the figure J ？ 
21. [S] Depend on the angle on the other side of the lines. I 
have to find out the angles h and g to see whether they are 
equal or not. , 
22. [I] Suppose you find both g and h are equal to 130° ， would 
you consider L^  is para11e1 to I必？ 
2 3 . [ S ] Depend ing on how the horizontal line cuts across L^  and 
、• _ • 0 
24. [I] Well , how in this diagram , with only g equal to 50 , can 
you be sure these two line segments are parallel? 
2 5. [S] [Pause] I don't know. I，m not sure. 
26. [I] If you cannot be sure, 'how would you do? 
27 [ S] I ' l l try to find out all the other angles. 
28. [I] Do you mean that you have to find out all the four angles 
formed by each of the line segments with the horizontal line? 
29. [ S ] No, two angles on eac-h side will be sufficient. 
30. [ I ] Now suppose in this diagram ， g = h = 1.30 , e = 50 , Do 
you think L^  is parallel to Lg, ？ 
31. I s ] [Pause] Lr is parallel to ， because they have equal 
slopes . 
. 二.. 二二二 • ：： ==^= -==^= ： 
-2 0(3 -.. 
f
°
r l i n e 1 o f
 Q. 1 Figure for line 17 of Q.l. 
[Read ing Question 2] 
1. In the diagram, first 丁 let this U A 
angle be (3’ so as to make it more 
convenient in finding out the 
relations of the angles. 
2. 3 = J.80
o
 - 125° =55° o / 
3. Because AB is parallel to CD, ^ 
therefore (3 = 6 = 55°. ^ X 
Figure for Q. 2 
[Reading Quest ion 3] . 
1. Frist, want to know whether / y 
these two lines are parallel / 
。r n 0 t ' 
.2. 13 = 180
o
 - 38° = 142° . 
3. 0 = 180° 一 53° = 127°. 
Figure for Q. 3 
-1.88 - • 
4. I f ind that these two lines are 
not parallel, 
5. [ ] 
6. Let this angle be x, 180° minus 90° , then minus oh! 
This angle is not known, i 七 can,七 work. [The subject erase 
the angle x•] 
f • [•••••] 
8. This angle is r, the vertically opposite angle on this side is 
also r. 
9. [ ] 
10. q would be equal, to r、 [ they are] "extern or opposite 
an g ..1. e ". 
11. q = r = 3 8 . 
[Reading Question 4]. 
1. I want to find out some formulas [which enable me ] find out 
the coordinates of Q. 
2. Q lies on the x-axi.s [ . . . ] 
3. Let Q = (c，0 ). 
4 . [ . . . mumbling ] vr, -y ^  , X2 ~
x
i， • . •， 
5. This length [ from the x-coordinate of P] is 4 , and this length 
[from the y-coordinate of P] is 5. ‘ 
6. Because these two line segments are "parallel" [they should be 
"equal" ] , so these two line segments "a" and "b" equal 
[referring to the line segments of OQ as bisected by the 
perpendicular line dropped from the point P]. 
9. What formula can I use to find the point Q? 
10. [ ] 
1 1 . a+b二c， c+8，Q=(8，0). 
12. But I am not sure whether this answer is correct or not. 
13. Why were you not certain of your answer? 
14. Because X could not think of any appropriate formula in 
find ing out the coordinates of Q. 
-18 9 - . 
[Reading Question 5 ] 
1. As I do not know the vaj ues of m n 门门 1一， ， 
a Positive number, n to b e
6
^ I t i ； ： ' ^ ^ b e i ^ ^ ^ r pes UiJ： 
number, q to be a negative. ' ^
 a p o s i t l v e 
2. So "m = q, n = p" is wrong. 
3
' iMn'co^re；^? " a r e a l i P O S l t l v e ' d。卯“ h^ink that (a) is 
4. [S] I ^ven
5
t thought that they would be ail positive number 
1 ； J u 1 think that (a) might be right. [The subject 
changes his response from "X" to 7" •] 
5. Because of coincidence, A and B represent the same point, 
assume both A and B have the coordinates of (1，1)，thus (b) is 
correct . 
6. [I] How about if m and n, p and q are of different values, 




] Impossible , because A and B represent the same point, they 
[the coordinates] must be the same. 
8. Similarly, (C) should be correct. 
9. In part (d ) , "or" implies only one of these two pairs has 
equal value, it is wrong. 
10. m/q = p/nrm/p =q/n. 
11. The po ints A，B get to the same point, m divided by p should 
equal to n divided by q, hence (e) is wrong
1
. 
12. As I consider the'coordinates of A and B, if A,B coincide, m 
divided by n would be equal to p divided by q, therefore it is 
correct when m divided by p equals to n divided by q. 
[Reading Question 6 ] : 
1 . The slope of L is 1 3 .. 
2. I am going to find out the slopes in each part of the 
question . 
3. Divide (x2 - x丄）by (y2 - y丄） 
-2 0(3 -.. 
4 . No, it should be (y2 - yi ) divided by (x2 -
5 . ( 4-0 ) v ( (-3-0 ) =4 4- ( - 3 ) = -1 (1/3)，[(a) is] wrong. 
6. In part (b), (5-8 ) ^ (5-9 ) = 3/4, [it is] wrong. 
[Reading Question 7] 
1 . As L [appears to be] most inclined，hence the slope of L is 
the greatest. 
2 . [I] Based on what reasons did you consider the slope of L to 
be the greatest ？ 
3. [s] All depend on my perceptual judgement. 
[Reading Question 8] 
1. As given 3x + 4y : 5，then y 二 (-3x-5)/4, and the slope = -3/4. 
2 . PQ equals QR [ ] 
3. Let R 二 Up … ， Q = (x2，〜，hence (y2 " YX ) / ( ” 一 xl ) 
= - 3 / 4 . 
4. And (y2 - 0) / (() - x^ 二 -3/4，thus xx 二 4，y2 二 3. 
5. So R = (4,0) ? and Q = (0，3). 
6. Let P = (xpy) , Q be (0,3). 
7 T h us , (3-y) + (0-x) = -3/4, But I cannot find the coordinates 
of P by using the slope of this line. , 
8. [ ] 
9 . ！ t seems that I cannot think of any ^thod for f-ding.the 
coordinates of P. 
10. [I] in the the diagram, do you know the length of OQ ？ 
11. [S] As Q 二 （ 0 ， 3 ) ， OQ = 3. 
1 2 . U] Can you see any rel^^ns between the ^-coordinate of Q 
and the y-coordinate of P . 
. L o p. • 0 uai f nf the y-coordinate of P’ as 
13. [S] The y-coord^ate . 4 [refer to the x-
nn - QR. then OR - mub ^ 、 
二 d ? L “ e of P]，therefore, P - H，6). 
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[Reading Question 9] 
1
• Given AB//CD, AB 二 4， CD = 8 . 
2. AB : CD = 4:8 = 1/2. 
3. So let A(x,y), A (x,y) = C(9,10)/2. 
4
 . Therefore’ A = (4.5,5). 
5
'
 [ I ] Cai
?
 y o u s h o w
 in the diagram that the length of which 1 i ^ 
segments would vou be ahl ^ f 门 +^1 r ‘二 丄ingin 01. wnich 丄 l n e 
points C and A ^
 0 化 1 1 f r ° m t h e c o o^inates of the 
6
' [ I ^ d T S S f
U C C e S S f U l l y 】）01时 0时 as retired in 
7 . ami CD ？ 6 5 6 l e n g t h S h a V e a n y a】.杖ions with the lengths of AB 
8. [S] Because of similar triangles, OB and OD are on the same 
straight line, OD is twice [the length] of OB, therefore the 
coordinates of C is twice the coordinates of A. 
The sub.ject f 523 6] _; 
[Read ing Question 1] 
1. On the left-hand .side of Lz ， [the angle] is 147° . 
2. 180 minus 147° .equals 33° ， so L 之 = 1 L牛[Subject has 
misused "equals" to mean "parallel to"]. 
3. Lf is 44= [the angle between L, and the y-axis]. 
4 ‘  l 3 i s 4 4 [the angle between L^  and the x-axis]. 
5 . [ . . . Long pause . . .] 
6. 180° - 44° , possibly L丨 —is parallel to L3 . 
7. [ . . . Mumbling . . .] 
8. [Write down the answers] 
9. Interviewer] How did you justify Lj // L3 ? 
10. [Subject] [The angle by] using 180° minus 44° up above L( 
equals to f the angle by] using 180° minus 44° on the right 
side of L3 ， therefore L| // La , 
11. [I] Why didn't you make this conclusion by saying directly 
that "it is because the angle up above L( equals to the angle 
on the right side of L^  "? 
-2 0(3 -.. 
SJers t 厂 1 " r 6 b e e n 。f here [Subject 
t o
 situation where she has successfully shown that 
.
 3 1 8 0
 dnus this angle. I think now the 
I
011 1 3 a b
”
 m。re complicated for Lr and L5 , so I want 
f f
 a 广 o f . o n this by using 180° minus 44° 
simultaneously [for L丨 and L3 ] . minus 
H Ill  What d l d y°U u s e showing Lj // Lt ？ 
丄 4 . I. ^  J ••• 1 don't know. 。 
[Reading Question 2] 
1. [mumbling] 
2
 ' [[] Please be reminded to tal k a]oud of what you are thinking 
about. 
3. [S] The angle on this side is 55° ， this [angle] is 90°, let 
the angle above be a, equal to the difference between the sum 
of these angles [referring to "55
0
" and "90°"] and 180°, so we 
have 3 5 . 
4. Because AB//CD，therefore 9 = 35° . 
[Reading Question 3] 
1. q is 38°, this angle is 90°. 丨 
2. This angle is the vertically opposite angle of r. 
3. There r equals to 180°- (90° + 38°) = 52°. 
4. [ I] Do you think that these two line segments are parallel? 
5. [ S] No j they are not parallel , because p ^ r. 
[Reading Question 4] 
1 . The coordinates of the point 0 should be zero [ ] , that 
is O (0,0). 
2. [The subject drops a line from the point P perpendeicular to 
the base of triangle OPQ in the given diagram.] 
-2 0(3 -.. 
3
'
 T h i s
 Perpendicular line hi sert^ k “ 
P is 4. 【”-sects the base, the x-coordinate of 
Thus，in this i s o s c e 1 p c； f i ^ ., . , 




c o o r d
^a t e of Q is 8，the y-
[Reading Question 5] 
j
 ' ！ T o f 1 ^ ； ： ： ： 二 : = . r t e ^^ ^  細 卿 S & P-ts (a) and 
2. If m 二 1, n 二 2, then p= 1 , q 二 2, t hpr^  f nr-^  一，、 t \ 
， H 乙 ， L n e i ^iore m-q, n = p, ( a) is wrong . 
3
. = 【 3 ； ^ + ? = ； ； ^ ^ = ， ， , ^ ) ] ^ 门 如 subject change he, 
4• (C ) is also wrong . 
5
 •
 W h e n m = 1
‘ P
=1， and n二2, q = 2, therefore (d) is right. 
6. ni/q=l/2, p/n=l/2, m/q=p/n, (e) is correct. 
1
' [I] If A and B represent the same point, then what Is the 
relationship between (m，n) and (p,q)? 
8. [S] m would be equal to p, and n equals q. 
9
• [I] Is it true for we have only "m=p" or "n=q"? • 
10. [S] Yes. 
11. [ I ] At first you considered (b) as coorect，why did you think 
it is wrong afterwards ？ 
12. [S] Because when I did (c), I realized that I could make use 
of some "real numbers" [The subject means she could use some 
particular values ] for the coordinates of A and B. As I used 
these numbers . to check for (b), I found it is wrong, 
13. [I] Why did you think that (a) is wrong? 
-2 0(3 -.. 
1 4
 * 二 e ^ s ^ o ^ ! ^ ^ ] ― 6 — ” “ - t eq,al 
1 5
 ' = ⑷ to be co^ect uncie, s酸 othe, 
16. [S] Unless m = n，p = q. 
[Reading Question 6] 
1. The formula of slopes is given bv (v - v )/(x9- x,) 
2. Then, I substitute the values from '(a) irlto t}4 formula and 
find that the slope is 1 ， t h u s , (a) is true. 
3. [Similarly], I get for part (b), therefore (b) is false. 
4. As you found out the slope by calculation for (a) equals to 
the slope of given line L, does this imply that the line L 
MU.ST pass through these two i^ven points'? 
5
 • Yes. If they [ the Lines] have equal slopes , it is impossible 
for I, not to pass through [ the points ]. 
6
 • [I] If both parts (a) and (b ) were true, do you think that the 
line L will pass through the points (-3， 0)， （0， 4)， （ 9 ’ 8) 
and (5， 5) at the same time? 
7. [S] Yes. 
I 
-2 0(3 -.. 
[Read ing Question 7 1 





 appears that L/ and L3 are not very steep. 
3. L4 should he the steepest. 
4. In this question , w.i thout any numerleal values given, how 
did you judge which 1ine has the greatest slope? 
5. Based on my own perceptual, intuitions. 
6. [I] Among these four given lines , which one do you think 
has a positive slope arid which one has a negative slope? 
7. [ S ] All the s lopes of these lines should be positive, 
because their x and y [the coordinates of the points on 
the I ines ] are a 1.1 po s i t i ve . 
8. [I] Suppose in these four g'iven lines, the slope of one 
of these .lines is negative , would this have any effect 
upon the thinking of your answer? 
9. f S] Yes , because "negative slope" is I ess than "positive 
slope”. 
10. [I] Could you illustrate by means of some diagrams what 
you would consider to be the line segments with "negative 
slopes"? 
II.. [ The subject shows the f ol Iwi ng two diagrams to 
illustrate the 1ines of negative slopes .] 
^ ^ j 
Figures for 1ine 11 of Q. 7 
[Reading Question 8] 
1 . From the slope formula., m =(巧-又丄)八(丄）• 
2. Given .3x + 4y = 5, 3x = 5 = 4y, therefore x= 




-(5-4y)/3 ). — 
4. [ ] c o 
5. Can you find out the y-intercept of the line 3x-4y=5? 
6. I cannot, because y=( 
5-3x )/4. 
7. [I] Can you find out its x-intercept? 
-196- • 
8 • [S ] I cannot. 
9. [I] Suppose the y-intercept of this line equals 3， cou]d vou 
write down the coordinates of Q? ' 
10. [S] I don't know how to do it. 
11. [I] What is "y-intercept"? 
12
‘ The value of y of a line equation. 
13. [I] What is "x-intercept
n
? 
14. I. S ] The value of x in the line equation . 
— • —•—— - —-— 
[Reading Question 9] 
1. Given AB//CD, AB:CDM:8. 
2 . Thus CD is twice of AB. 
3. As we know the coordinates of C are (9,10), hence the 
coordi nates of A should be (4*5,5 )• 
The subject [5212 1 : 
[Reading Question 1] 
1. L|//1^, because both of these two angles are 44°, they have 
equal slopes . 
2. The inclined angle on the other side of L^  is equal to 180°-
14 7° = 33 , and the angle of L4. is also 33 , therefore L之/L千， 
i 
[Reading Question 2] 
1. The angle on the other side of the line AB is 180^  - 125"= 
55°. ‘ 
2. Because they are "exterior alternate angles", 0 = 55°. 
[Reading Question 3] 
1. Given q = 3 8°, let the vertically opposite angle of r be x. 
2. x equals to .180° - 90° - 38° = 52
0
. 
3. Therefore r 二 5 2°. 
4. [I] Are these two lines parallel ？ 
5. [S] No, they are not. Because p 共 r. 
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[Reading Question A ] 
1. y^^oordinates of [the point] 0 is (0,0), and the point P is 
2
 '
 T h e
 distance between O and P = /(4-0)
2-
 + (5-0 = /77~ 
A n d 阳 = 0 P ， therefore PQ also equals TJT. ~V 
A s t h e
 coordinates of Q are not known, let Q二（x，0) 
5. So PQ,y(X-4 p -f ( 0 -5^ /l^-8x+16 + 25 
•/^T = y x2•二 8 x + 4 J. 
'1 1 = X
2




0 二 x(x-8) 
x = 0 or x. = 8 
6. Therefore， Q = (8,0), 
7
 ' [ )
 C a n
 yo
11
 Point out in the diagTam the lengths of 七 h e ] i ne 
segments which could be derived from the x-coordinate and the 
y-coordinate of the point P ？ 
8
 • [The subject successfully points out the lengths of the line 
segments as required. } 
[Read ing Question 5] 
1 • (a) is wrong. A and B represent the same point. As the x-
coordinate of A is m， the y-coordinate is n ； and those of B 
are .p and q respectively, so m must be equal to p, and then n 
equals to q, thus it is impossible that m = q and n = p. 
2. ( b ) is also wrong . Though A and B come to the same point, but 
(m+p) is not necessarily equal to (n + q). For examples, m = 
11，n = 4，and p = 11 , q = 4, (11 + 11) would hot be equal to 8. 
3. (c ) is also not correct, (mxp) is not necessarily equal to 
(nxq) . If both A and B are (3,4), (3x3) is not equal to 
(4x4). 
4. (d) is correct. Because the x-coordinate of A equals to the 
x-coordinate of B ； and the y-coordinate of A equals to the y-
coordinate of B, that i s m = p, n 二 q• 
5. ( e ) is correct. As m , p are the same x-coordinate , and q，n are 
the same y-coordinate, hence m divided by p equals to q 
divided by n equals to 1. 
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f Reading Question 6 j 
1. Given the points (-3,0) and (0,4 ). 
2. And the slope of L is ’】.• 
3. Jhe slope of these two points is found bv (y9 - Vl ) / (Xo_x ) 
that is (4 - 0) / {() - (-3)}, equals to 4/3
2
 = 1 g •
 2 丄）， 
4. Because this slope is same as that of L, therefore L might 
pass through these two points. [That is (a) is right.], 
5. Similarly, the slope of these two points is 3/4, so (b) is 
wrong. 、 / 丄》 
[Reading Question 7] 
1. The slope of L4. is the greatest, because the line L4. is most 
inclined. 
2. [I] Would the sign of slope affect your .judgement? 
3. r S] No , it would not. 
[Reading Question 8] 
1. There are three points P,Q,R on the line 3x+4y = 5. 
2. Let Q(0,y1), R(x2，0), P(x3， y3). 
3. At the point R, 3(x9 )+4(0 ) = 5, 3x9 = 5, x9 = 5/3, therefore 
R=(5/3，0>. 乙 〜 
4. At the point Q, 3 ( 0 )+4 ( y x ) =5 , 4y, =5 , ^ = 5/4, so Q=(5/4,...)， 
it is wrong , it should be Q =(0,5/4). 
5 . PQ = QR, hence [ ] 
6 . It is wrong . 




 = ^25/9 + 25/16 = /(400 + 25)/144 • The 
length of RQ equals to 25/12.
 1 




 : 25/12. 
9. Oh, I got a wrong approach. 
10. ( y^-y) divided by ( X3- x ) equals to ( y-y2 ) divided by (x-x2 ). 
Wrong . 
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11. ， 乂 〜 〜 ， Q ( 0,5/4 ) , R( 5/3,0). "P’s y minus Q's y" divided 
by P s x3mmus Q's x
M
 equals to " R ‘ s y minus Q’s/y" divided 
by R's X minus Q's x". 
.12. That is’ (y3~5/4 ) / (x.-0 ) equals to ( 5/4-0 ) / ( 0-5/3 ) . ( V o-
5/4) / x3=(^/4) / (- 5/3) .
 3 
13. Therefore , 4y3~5 = -3x3 , that is 3x.3 + 4y -5 = 0. 
14. [ ] 
1 5 . W r o n si . 
16 . On the line 3x + 4v-5 = 0, -C/A = x, -C/B二v, -(-5/3 )=x, -(-5/4)=v, 
5/3=x, 5/4=y. 
17. Therefore , P二（5/3. 5/4). 
18. [I] CouId you expla in mo re explicitly how you would find out 
the coordinates of P? 
19. [S] I make use of formula. 
20. [I] What fourmula? 
21. [S] I cannot recall. 
[Reading Question 9] 
1 . AB is parallel to CD, the slope of AB is equal to the slope of 
CD. 
2. The length, of CD is 8，let D=(x2，0). I 




8 = «/(x2 -9 )
2
 + 100 
64 = (X2-9)2+100 
64 = X2~18X2+ 81+100 
0 = X 【 - 1 8 X 2 + 1 1 7 
4. [ 1 
-2 0(3 - . . 
5. By making use of formula, 
- b 土 J b 2 - 4 a c 
2 a j r 
-n.8 )± /( -18 )
2
-4( 1 ) ( n 7 ) 
———— ——-• — ———一— 一 ^^ o 
2 ( 1 ) 己 
18+y 324-468 
6 . What does .it for? 
7
' [T] Suppose you can accurately find out the value of x?, how 
would you make. " use of this value in finding out the 
coordiantes of A? 
8. [S] It seems that finding out the value of x2 does not help. 
[The subject finally gives up this question.J 
-2 0(3 -.. 
Appendix IOA 
QUESTIONS FOR THE SECOND INTERVIEW 
[The subjects were required to think nloud while answering 
questions] 
1. In Figure I , if 0 = O, nre 
the 1 ine 1 ^ and J ., para 1 ] el ？ 
Give reason . 
/叉1 /义2 
/ / Figure J 
2. Given a line L : 3x + 4y = 5. 
(a) Fi nd the x-intercept of L. 
(b) Find the y-i ntercept of L. 
(c) Find the si ope of h. 
INSTRUCTIONS FOR QUESTIONS 3-7 . 
If you think that the given lines L-j and L2 in the diagram are 
parallel , put a "/" in the bracket: i f not, put a "X". 
. - — - • - - • • • I - • " • -
 1
 - -
X Figure 2 








i"I」2 ( ) 
: 
^ ^ Figure 4 
6. L,//L9 ( ) 
47 Figure 5 
- 2 0 3 -
h 
Figure 6 
———~一 1 一-一-.丨丨——一—-一—• •• •  — —— ——— ,., . . — 
INSTRUCTIONS FOR QUESTIONS 8-11 : 
Think aloud and answer the questions by putting a "/" in the 
bracket for the option considered to be correct, or a "X" for 
the one thought to be wrong . 
8 . I f a variable point P (x, v) moves to a position at which it 
coincides with a fixed point, F( -2,3), then 
(a) x = 3 and v = -2 ( ) 
( b ) x = - 2 o r y = 3 ( ) 
(c ) x = 3 o r y = -2 ( ) 
(d) x+2 二 0 and y-3 = 0 f ) 
(e) x < -2 and y > 3 ( ) 
(f) x > -2 ir v < 3 ( ) 
9 . ( a) The slope is positive if the height of the line decreases 
as x decreases ( ) 
(b) The slope is negative if the height of the line 
increases as x increases ( ) 
10 ( c ) The slope -is positive if the heigh七 of 七 h e line increases 
as x decreases ( ) • 
(d) The slope is negative if the height of the line decreases 
as x increases. ( ) 
13. ( e) The slope is positive if the 1 ine makes an acute angle 
(less than 90°) with the positive direction of x-axis. 
( ) n 
(f) The slope is negative if 七 h e line makes an obtuse angle 
(greater than 90° ) with the positive direction of x-
ax i s . ( ) 
-2 0(3 -.. 
For Question 12-1.4, plonse refer to the informations given in Tab] e 
TABLE _1 
• A line, L i ntersects the [axis at the point M and the y-
axis at the point N. " 
. The line L has x-intercept of 6 and y—intercept of 2. 
-
12. Write down the coordinates of M. 
13. Write d 
own the cood i.nfxiies of N 
14. What is the slope of ],? 
15. If a 1 ine passes though three points , namely, A(0,4), B(3/2, 
2 ) ’ C ( 3 ’ 0 ) ’ 
(a) what i s the x-intercept of the 1ine ？ 
(b ) what is the y- ntercept of the line ？ 
(c) what is the slope of the line ？ 
y个 
16. In Figure 7，the arrow " 
shown indicates that the ^ ^ ^ ^ 
steepness of the line 
segments is \ J 
(increasing/decreasing), \ ^ 
and all the line segments
 x 一 
have ； ^ 
(positive/negative ) slopes . 
I Figure 7 
17. In Figure 8，the arrow "n" ^ | 
shown indicates that the j 
segments is . ^ x 
(increasing/decreasing) and ^ 
all the line segments have / / j 
(positive/ / / ^ \ 
negative ) slopes. / / ^ ^ 
^ ^ ^ F i g u r e 8 
- 2 0 5 - • 
18. You are given a movable ri^ht-ang]ed-trian^le piece with known 
dimensions : . 
/ "STANDARD POSITION" 
• I Z I 
3 
Ri ght-angled-triangle piece 
(a) Write down the slope of the hypotenuse side of the paper 
triangle in its standard position, 
(b) With the aid of the paper triangle piece, answer the following 
questions by referring to Figure 9. 
(i ) Is the slope of the line given in Figure 9 equal to 
the slope of the hypotenuse side of the paper 
triangle piece ( in standard position)？ How would 
you make use of the point (6,8) to justify yur 
answer? 
(.i. i ) Draw a line segment passing through the point A, 
with a slope equal to that of the line, L. 
(i i i ) Draw a line segment pass ing through the point B, 
with a slope equal to that of the line, L. 
i 
-2.06 - . 
y个. / L 
Jzl 〒 ‘~ > 
Figure 9 
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Appendix IOA 
Record of subjects' responses to the questions of the second 
interview 
Expert Students Novice Students 
Questions 
[T224~] "[~5"20"3~] f52~36"I 
1 <COORR.L> [ 1 ] <ALT.L> 1 <CORRD.L> [!]<?> [ 1 ] < ? > 1 <CORR.L> 
2(a) 1 1 1 1 0 0 
2(b) 1 1 1 1 0 0 
2(c) 1 1 1 1 0 0 
3 1 1 1 1 1 1 
4 1 1 1 0 0 0 
5 1 1 1 0 0 0 
6 1 1 1 0 0 1 
7 1 1 1 0 1 0 
8(a) 1 1 1 1 1 1 
8(b) 1 1 0 0 0 0 
8(c) 1 1 1 1 1 1 
8(d) 1 1 1 1 . 1 1 
8(e) 1 1 1. • 0 1 1 
8(f) 1 1 1 1 1 1 
9(a) 1 1 1 0 0 1 
9(b) 1 1 1 1
 1 0 
10(a) 1 1 1
 0 0 1 
1 0 ( b ) 1 1 1
 1 1 ？ 
11(a) 1 1 1 1 £ 1 + 
1Kb) 1 1 1 I ^ I 
12 1 1 1 1 1 0 
13 1 1 1
 1 1
 2 
14 1 1 1 0 0 0 
15(a) 1 1 。 I ^ 2 
15(b) 1 1 。 1 ^ ^ 
15(c) 1 1
 0
 0 0 
1 6 [STEEPNESS] . 
1 1 1 1
 0 1 
[s鹏 S I G〜 】 x 0 0 0 
1 7【STEEPNESS] , n 1 
1 1 1
 1 0 1 
[SLOPE SIGN] 】 [ 0 0 0 
18(a) ! 1
 1 1
 ° ° 
18 ( b ) (I) [EOUAL SLOPE] i 1 1 
1 1 1
 1 丄 丄 
-208 - . 
丨| I I i i I mmi niOTifni^ite 
1 8 ( b ) ( i ) [JUSTIFICATION] 
18(b)(ii) 1 J J ；. 0 0 
18(b.)(iii)l J . i i ?
 1 
丄 1 1 1 
~ —•一一一一—••-1 • -— 
,= 11 the subjects can operationally u s e the property of 
correspondmg angles "<CORR.L>； but subject [ 5232 ] misusefthe term 
alternate angles"<ALT.L> whereas [ 5203 ] and [ 5236 ] failed to 
recall how the property should be labelled. In this table, the 
二 1 T ^ t r e S P ° n S e S a r e recorded as ’' 1，and the incorrect responses 
cx s u • 





CLASS NO : _ 
DATE ： 
—— 
I n t h i s 卯 are interested in knowing what conceptual knowledge 
h a v e
 "nder the topic of coordinate geometry. In doins 
t e s t
' .
1 w o u l d l i k e
 t。remind you to read the instructions and 
the questions as carefully as you can. And also you are requested 
to try your best in answering _aJl the questions set in 七 h i s test. 
Than k 
you for your cooperation. 
The answers are shown in angle brackets, < > ； and the score for 
the corresponding answer is indicated in square bracket, [ ]• 
1. Given that L f / / Lz. y个 » 
What are the angles 0 and 0 / /L2. 
called ？ ^ / / / 
〈Corresponding angles〉 [ 1 ] /q 
• 讣/ X 
2. . If L, / / L之，e 二？ ^ f y /L l / L z 
<42^ 7 m / / 
-210 - . 
— ii Ju_ 
I 
3. If L, // e 二？ y 个 y 1 L z 
* pc — v^  I 
“8。〉 [1] 1 3 ^ / / 
/ ]/ ^ 
4. 'Given that L| // Lz. / 
Name the angles a and h. / 
/ f ^ 〉 L 
〈Corresponding angles> [ 1 ] ( 
/
b
 ^ ^ 
5. If L； // I」,，0 = ？ y | /Lj L 
<i25°> r n y / 
\ f / f / 
6. If L, // L之，» = ？ > 个 口 L 
^ \e/ /  2 
i n . j / y 
. ^ ^ 
-211.-. 
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Instructions for Quest i ons (7) 一 (2.,4): 
In Questions (7) - ( 24 ) , from the in formations of angles 
given decide whether the given lines LI and L2 are parallel of 
not. If you think they are parallel , put a tick "/ “ in the 
bracket ； if not, put a cross “ X 
9. Lt // ( ) v . , 




-2 0(3 -.. 
10 . L, / / L又（ ） y 个 o / L l 
</〉Hi W 
11. L, n ( ) y个 /L i 
</> Ii1 / 
12. L, /7 I.义( ) XI / 
<X> [1] L2 
13. // i义( ) y A /Lt 
<x> m - , o / , 
-213-- . 
14
• Lf // ( ) /L | 




i // l z ( ) yA i . 
16. Lj // LZ. ( } . V A 
</> [ i ] 
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Instructions for Questions (25) - （36> 
In Questions ( 25 ) - Mm rTr r‘… 
— — — i v e n 二则二么二，严）B L A N K S .— 
…—*. “ -———-i - _ •—一 
“ 
f G i V e S
°
m e b r i e f
 ^^Planations for Questions (25) - (28).] 
25. As the ] ine segment AB v » 
moves to the. position AC, /
 A 
the steepness of the line J\ 
is < increasing> r i 1 
———.—」」 B 
(increasin刍/decreasing ) 
Why ？ y 
<The mag itude of slope C 
is increasing〉 [1] 
26. As the line segment XY y A 
moves to the position XZ, ‘ 丫 、 
the steepness of the line ] 
is〈decreasing〉 [1] r 
• Z 
(increasing/decreasing ) 
Why ？ X 
<The 
m a. g n i t u d e o f• s 丄 o p e 
is decreasing〉 [1] 
^ x 
27. Which of the lines has greater y A 
steepness <PR> (PQ/PR) [1] P 
— 夂 
Why ？ Z 
<The magnitude of slope y/ 
of PR is greater than ^ / 
that of PQ> [1] K 
X^、 
-217 - . 
28. Which of the lines shown y A 
in the figure has greater W 
steepness? <TW> 「1] 
. • 
(TW/TV ) -
^ ^ ^ 丁 
Why ？ 
<The magnitude of slope of 
TW is ^renter thnn that 
of TV. > Q ^ 乂 
[Draw a d i as； ram to justify your answers for Quest ions (24)-
(32 ).] 
29. If the points P (x, y) and Your Diagram for Question (29): 
Q (x + 5, y + 4) lie on the 
same strai ght line , then 
the slope of the line is 
<pos it ive > [1] 
(positive/negative ) 
m 
30 . If the po ints P ( x , y ) and X迎r.』i-組工血逛―tioi^ XlQl: 
Q (x-3, y+5) lie on the same 
straight line, then the slope 
of the line is 〈negative〉 [1] 
(positive/negative ) 
C'3 
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31. If the height of a .line h 
increases, as x increases J j U P m P m ^ l — ) 
then the slope of the 




then the slope of the line 
is 〈negative〉 [1] 




 • ^ 
33. The slope of the 1 ine y q 
segment PQ is〈negative〉[1] ^ ^ 
(positive/negative〉 p ^ ^ 
The slope of the line 
segment PR is 〈positive〉 [1] ^ 
(positive/negative) ^ 
. x 
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34. The slope of the line V A 




The slope of the line \ 
segment TS is 
(Positive/negativel — 〉 ^ 
Z 
T Z 
35. The slope of the line segment y A 
AB is 〈positive〉 [1] P 
-一— . . . -
(positive/negative) 
The slope of the line 
segment PB is〈negative〉[1] /\ ^ ^ 
(positive/negative ) 
^ ^X 
36. The slope of the line segment 7八 
CD is〈positive〉 [ 1 ] > 
0~ X 
(pos i t ive/negat ive) 
J) 
The slope of the line ^ ^ ^ 
segment CQ is <ne'ga.ive> [1] ^^^ 
(positive/negative ) 
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Instructions for Questions ( 3 7 ) - （38) 
^verand^t) ： 门 8 ) ， c h ° O S e Carefully from the options 
U ’
1 P U t a t i c k




 e n t t h
,
a t
 think correct. If you choose the option 
, ； ' y ° U 霞 ， s P e c i f y your answer. In each question, you are 
a丄so required to draw a diagram to justify your answer. 
3 7 .〒 h e x7intercept of a | l _ o i 』 i 組 良 s t i o n _ J 37 ):' 
line is < C > [1]
 : 
(a) the x-coordinate 
of any point on the line 
( ) 
(b) the distance of a point 
on the line from the 
x —ax is 
( ) 
D1 
(c) the x-coordinate of a point 
at which every nonvertical 
line crosses the x-axis 
( ) 
(d) the distance of a point 
on the line from the origin 
. ( ) 
(e ) none of the above 
- ( ) 
[I think that the x-intercept 
of a line is 
-2 0(3 -.. 
3 8 , y
u i
t e r c e p t o f a
 u貼 ^ 
(a) the y - c o o r d i n a t e of a 
point on the line 
( ) 
(b) the distance of a point 
o n
 the line from the 
y-axis 
( ) 、 
(c) the y-coordinate of a 
point at which every J [l] 
nonvertical line crosses~~ 
the y-axis 
(. ) 
(d) the distance of a point 
on the line from the 
origin 
( ) 
(e) none of the above 
( ) 
[ I think that the y-intercept 
of a line is 
-2 0(3 -.. 
39. (a) y A 
V
ha t i s
 * slope of the
 X
T , A f 9 
丄 ine segment OA ? / ^ ' ^ 
<5/2 or 2.5> 「1] / 
^X 
39. (b ) 
If OB 二 3 units, y | 
what is the slope of 、 
the line segment BC ？ >  C C 
<5/2 or 2.5> [1] / 
—————L^ 
39 (c) 
What is the slope of the Y T 
1ine segment DE ？ | 
<2/5 or 0.4> [ 1 ] 
- — / 
！ JD〔4,5) 
. ’ o| 一 乂 . 
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39. (d ) 
From the results of (a), (b) 
and (c ) , write down the line 
segments which are parallel 
to each other. Give reasons. 
<OA//BC> [1] 
•  — * • •‘ … 




Find the slope of the 
line segment OP. 
<2〉m X 
： 一 - ^ r - ^ 
40. (b) I 
If OQ = 1 unit, find V/N ,. 
the slope of the line K(o/4*J 
segment QR. ^ ^ 
二 , ⑴ aL^  
1 uhit{j ^ 
40. (c) 0|
 X 
Find the slope of the yA 
line segment ST. T(5"/《） 
：―⑴ 
I 5^5) 
40. (d) ^ ^ 
From the results of ( a) , I 
(b) and (c), deduce 
which line segments are 
parallel . Explain-briefly . 
<OP//ST> [ 1 ；] 
<EQUAL SLOPES〉 [1] 
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41. Given a line, L : 2x+5y=10. 
Find the x-intercept of L 
<5> [】.] ' “ 
42. Given a line, L : 5x+2v=30. 
What is the y - i n t e r c e p t of L. 
< 1 5 > [ 1] 
43. Given a 1ine passes through 
the points (4,0) and (0,5!. 
What is the y-intercept of 
the 1i ne ？ 
< 1 5 > [ 1 1 
44
• If the pojnts (0,3) and 
(1， 3/2) lie on the same 
stra.ig.ht 1. ine , f ind the 
x-intercept. of the line. 
< 2 > [ 1 ] 
45. Given a 1 j.ne passes through 
the points (0,1) and (2,0). 
Find the x-intercept of the 
1 ine . 
<2> [1] 
46. If the points (6,0) and 
(3，2) lie on the same straight line, 1 
What is the y-intercept of the line ？ 
<4> [ 1 ] 
4.7 . Find the value ( s )• of x 
if (x^ + x, 2x-+1 ) 二 （ 0 ， - 1 ) . 
< - l > [ 1 ] 
48. What are the value (s) 
of k if ( 3k + 2, k) 二 （ 2 ， 0 ) ？ 
<0> [1] 
-2 25 - . 
49.. Given five points . y A p 
A(0，."，B(2, 1. ) , c (4,1), 3 ‘ 广 
D(U)，E(2,3). ！ 
(,A !B C 
(* • - 0 
I 
jc <—^4—"—‘9—* > 
0 t £ 3 4 x - 卜 l 
i 
丨‘ I J D 
W r i t e d o w n t h e
 Point(s) , as given above, 
satisfy the conditions as given by 
(a.) x= 2 or v = 1 
<ALL P〇iNTS> [ 1.] 
(b ) x = 1 or y-2 
<NONE> [11 
(c) x-2 = 0 and v-J = 0 
<b> [1] 
(d) and y-2=0 
<NONE> [1.] 
(e) x>2 and y>.l 
<B，C，E> [1] 1 
(f ) ,x>l and y>2 
<E> [1] 丨 
(g ) x>2 or v<l 
CALL POINTS〉 [ 1 ]' 
- 2 0(3 -.. 
y A 
50. Given five points ： 5' ^ ？ 
.P(2,5), Q(2,4 ) , 4 . 61^  
R(2，3), 8 ( 3 , 3 ) , T(,l，3). 3 . o J^―各— 
1 * 
^ ^ f 加 而 ^e point (, ), as ^ivJn 3 斗 1 
Which.would satisfy the conditions as 
given by 
(a) x=2 or y=3 
<A1,L POINTS〉 I' 1 J 
(h ) x = 3 or v = 2 
<S> [ I ] 
(c) 、'-2二0 and v-3二0 
<R> [1] 
(d ) x-3 = 0 and y_2 = o 
<N0NE> [ 1 ] 
(e) x>2 and v>3 
<ALL POINTS> [ 1 ] 
(f) x>3 and y>2
 f 
<S,T> [1] 
(g ) x>3 or y <2 
<S，T> f1] 
51. Write down the distance 
formula for finding the 
distance between two 
poirits , namely , A ( x , v^  ) 
and B ( X 2 ， y2). 
<d 二 /〔(x2 - ^ 广 + (y2 -、）。> [1] 
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52. Find the distance between 
A (1，1) and B(5,4). 
< d




0AB j S 肌 iS。SCeleS W a n g l e ， , ( 5 , + ) 
Find the length of OB. / \ 
[Write down clear]y vour / \ 
working procedures. ]' / V 
YOUR WORKING ： X \ 
< 0 B 二 twice the x-coordinate of A> / \ 
[1]
 ‘ i^X 
YOUR ANSWER : 
<6> f1] 
5 4
' Given OPQ is an isosceles triangle, X A 
P=(2,-3). -
Find the coordinates of Q. | 
[You must show your working] I 
YOUR WORKING : 0 K
 1 
<0Q = twice the x-coordinate \ / 
V 
• I P(2 厂 3J 
YOUR ANSWER : 
<4> [1J 
-2 28 - . 
55. A .ladder is first located 
the upper end bein^ put at 
A a n d t h e
 lower end at B. As the 
gadder slides, the upper end moves 
from A to C while the lower end 
！l°ves f r o m B to D, as shown in the 
t i gu re . 
With the information given in each 
part of this question , find the 
coord inates of D. 
["Vou mus t show your working.] 
/ A ” 
A \ladder 
o B D 入 
55. ( a ) 
Given Af 0,4 ) , B ( 3 , 0 .) , C ( 0 , 3 . 5 ) , D=( ？) 
YOUR WORKING : 






 1 丨 
YOUR ANSWER : 
<D = (3.5 7,0)> [ 1 ] 
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5 5 . ( b) 
Given 八 （ 0 , 4 ), B(3,0 ) 
When C=(0,3), D=( ？) 
YOUR WORKING : 
<OD = /5
2
 一 32> [ 1 | 
YOUR ANSWER ： 
< D 二 ( 4 , 0 ) > f 1 ] 
— 
56. A rod is first located y k 
with the upper end be ing 
put at P and the lower | 
end at Q. As the rod s i ides, P L p 
the upper end moves from X^ OP 
P to R, while the lower end L \ 
moves from Q to S, as shown K \ 
in the figure. 
With the information given in 
each part of this question, \ 
write down the coordinates of \ 
the point R. \ ’ 
r v … , . , ‘ a s 
[iou must show your working.] 
56. (a) I 
Given Q(6,0 ) , P(0,8) 
When S=( 7,0)，R,= ( ？) 
YOUR WORKING : 
CLength of the rod 二 10> [1] 




 > [1】 
YOUR ANSWER : 
<R 二（0，/51 ) or (0，7 . .1.4 ) > ⑴ 
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56 . (b ) 
Given Q(6,0 ) , P(Q,8 ) 
When S=(8,0 )，R=( ？) 
YOUR WORKING : 




 > [1] 
YOUR ANSWER,: 
< R 二 < 0，6 ) > [lj 
i 
— — —.-————- —一• - — ‘ •“― "“ 
THIS IS THE END OF THE TEST. THANK YOU FOR COMPLETING THIS QUIZ. 
- — • — 一 “ • “ " " " " — • ‘ 
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Appendix 9 
Item & score distribution of the two-halves of revised test 
~ • • — 
Test A Tpd- n ^ 
丨 e s t , 13 Score 
…-•—— 
—--— 
— — — .„ _ 
1
 4 1 
2
 5 ； 
6 1 
7
 16 1 




 2 0 j 
12
 21 ！ 13 22 j 
14 2 3 1 
15 24 j 
25 28 2 
27 26 2 
29 3 1 2 
3 2 30 2 
3 3 3 5 2 
36 34 2 
37 38 2 
39(a) 40(a) 1 
(b) ‘ (b) 1 
(c) (c) 1 
(d) (d.) 2 
41 42 1 
4 3 4 5
 !
 1 
4 4 4 6 1 
" 4.7 48 1 
4 9 50 7 
51 52 1 
53 54 2 
5 5(a) 56(a) 3 
. (b) - (b) 2 
TOTAL 50 
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APPENDIX IOA 
Scoring record of Test A (the first half-test) 




1 2 3 7 8 9 10 1 1 12 13 14
 25 27 29 32 33 36 37 T—b c d 41 43 47 51 53 T* 
“ —._ • _ 一 
“ 
31 1 1 1 1 1 1 1 1 1 1 1 1 ¾ 
39 1 1 ！ ！ ！ 1 , 2 2 2 2 2 2 1 1 1 1 2 1 0 0 0 7 1 2 3 2 46 
10 1 1 ！ T ！ , . « ； 2 1 1 1 2 1 10061 232 45 
32 0 1 t 1 ？ ‘ 2 ° 1 1 1 2 1 1 1 1 6 1 2 3 2 轺 
13 1 1 0 二 2 2 2 2 0 1 1 1 2 1 1 1 1 7 1 2 3 2 45 
18 • 1 1 ？ 二 ？ 1 2 1 2 2 0 1 1 1 1 1 1 1 0 4 1 2 0 1 34 
28 1 ？ ^ 2 2 2 2 2 1 1 0 1 2 1 1 0 0 5 1 2 0 1 39 
1 „
 1 1 0 2 0 1 2
 1
 1
 1 1 2 1 1 0 1 6 0 2 0 1 36 
38 1 1 0 ！ ‘ 1 ； ° ° ° ° ？ ° 0 0 1 1 1 V 3 1 2 2 2 29 
23 1 A ？ ： 1 1 2 2 1 1 1 1 2 0 1 0 0 7 1 2 0 1 40 
30 1 ； ； 2 0 2 2 0 1 1 1 2 1 "I 1 0 6 1 2 1 1 36 
35 义义 1 1 2 1 2 2 0 1 1 1 2 1 1 1 1 5 i i 3 j 42 
20 ？? 2 2 1 2 2 2 1 0 0 0 2 0 0 0 1 5 1 2 3 2 38 
^ — *
 1 1 1 1 1 2 2 2 1 2 2 2 1 1 1
 2 0 1 0 1 7 1 2 3 之 47 
J,
 1 1 1 1
° 0 2 1 1 1 0 0 0 0 0 0 0 0 0 5 0 2 0 1 25 ：1 J ？ 1 1 1 1 1 2 2 2 2 2 0 1 1 1 2 0 0 0 1 6 1 2 3 2 42 I i i 1 ； ； ； 1 1 0 2 1 0 2 2 0 1 1 .1 . 2 1 1 1 1 5 1 Z 3 2 41 
77 ？ ° ° ° . 1 0 1 1 1 0 0 2 0 0 1 0 1 2 1 1 0 1 2 0 1 2-1 24 
“ 1 ？ ° ^ ： 1 1 1 2 2 1 1 2 1 1 1 1 i 1 1 0 1 4 1 2 0 1 35 , ^ ！^?1 1 1 1 1 1 2 t 1 1 1 1 1 1 0 0 0 0 0 5 0 0 0 b '25 
„ ° ° °
 1 0 0 1 1 1
 0 0 0 1 2 0 0 2 1 1 1 0 0 0 1 1 06 01 0 1 2 3 
® 1 " 1 1 1 1 1 2 2 2 0 2 2 0 1 1 1 2 1 1 1 1 3 1 1 b 0 36 
26
a
 1 1 1 1 1 1 1 1 1
 2 2 2 0 2 2 0 1 1 1 2 1 . 1 1 1 7 1 2 0 0 41 
J
 1 1 1 1 1 1 1 1 1
 1 2 2 2 2 2 2 1 1 1 0 0 1 1 0 1 5 1 2 0 1 39 
I： 1 0 1 1 0 1 1 1 0 1 1 1 1 2 2 2 0 0 1 1 1 2 1 1 1 1 4 1 2 2 1 37 
33 1 1 1 1 1 1
 ^
 1 0 1 1 1




 1 1 0 1 1 1 1 1 1 1 1
 1 2 2 2 2 1 1 1 1 2 1 1 1 0 7 1 2 3 2 45 
5 1 1 1 0 1 1 1 0 1
 1 1 1 2 2 2 2 0 2 1 1 1 1i 01 1 10 51231 39 
34
 1 1 1 1 1 0 0 0 1 1 1 1 1 1 2 0 1 2 0 1 1 1 2 0 1 1 0 2 1 2 2 2 32 
6 1 1 1 1 1 1 1 1 1 1 1 1
 1 1 2 0 0 2 1 11 1 21 1 0 0 5 1 2 2 2 38 27 1 1 1 1 1 1 1 1 1 1
 1.1 11 2 0 11 1 1 1 1 1 110 0 2 1 2 0 0 30 
2 1 1 1 1 1 1 1 1 1 1 1
1 1 1 2 0 2 2 1 1 1 1 2 1 1 1 1 7 1 1 3 2 44 
1 9 1 1 1
 1 0 1 0 1 0 1 1 1 1 1 2 0 0 2 0 1 1 1 2 1 1 1 0 5 1 2 3 2 36 





 ^ 1 1 1 1 1 21021 1 1 1 2 1 1 1 1 6 1 2 3 2 43 
H 1 1 0 0 1 1 1 1 1 1 1 1 1 1 2 2 2 2 1 1 1 1 2 1 1 1 0 6 1 2 0 1 
* T : Denotes total'score of each student. 
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APPENDIX 10B 
Scoring record of Test B (the Second half-test) 
STUDENT —— 
NUMBER .





 2 8 2 6 3 1 3 0 3 5 3 4 3 8
 - - - - 50 5 2 5 4 “ T + 
1 1 ! 1 t 1 . ： 
2 1 1 1 1 1 1 ! t I 1 ! ； ! ^ ； 0 0 0 0 0 0 0 1 o 1 1 4 1 2 2 2 33 
；；二；。；？； 丨；！口。丨；“2“ 
6
 1 1 1 ？ ‘ ‘ 2 2 2 2 1 1 1 ^ 0 1 1 1 0 ； 2 I 
8
 1 1 1 1 1 ^ I
 1 0
 1 1 1 1 0 0 4 1 ； 2 3 
/ 1 1 1 1 1 0 0 22 ^ 2 ？ ？ I J 1 ‘ 1 1 1 1 4 ° 1 0 0 3% 
10 1 1 1 1 1 1 1 1 ！ 二； 2 2 2 1 1 1 1 0 1 1 4 1 2 0 1 ” 
r 。“ 1 。 ； H 2 2 。 ？ ； 2 1.1 “ 7 “ 2 a0 ； I 
12 1 1 1 0 0 0 0 1 1 , 1 1 ？ ^  ？ ？ -° 1 1 0 ° 1 1 1 6 0 1 0 1 27 ；3 1 1  1 1 1 1 1 0 1 ！ ； J j ；厂；：0 ° 0  0 4  2 0 0 24 
15
 1 1 1 1 1 1 1 1 1 1 2 2 2 2 2 0 n i
 1 1 1 1 6 1 2 0 1
 39 
17
 " 1 ； “ ； n ?; n ?; ] ; 2 1 .1 1。41 2 3 2 : 
18
 1 1 o 1 1 1 1 ! t 2 2 n ^
 1 2 1 1 1 1 6 1 2 3
 2 “ 
19







20 1 1 1 1 1 1 1 , 二 , \ 二 】 2 2 1 1 1 1 2 1 1 1 0 6 1 2 1 会 33 21 1 1 ° 2 2 1 2 2 2 2 1 1 1 2 1 t 1 , 6 , 2 3 2 33 
22
 1 1 ； ； J o o I 1 ? M 1 1 1 1 4 1 2 ^ ' ^ 
23 1 1 1 1 1 1 1 1 ； 二〒 1 3 2 1 1 1 0 1 1 0 1 0 0 4 1 2 0 1 32 26 1 ° ] ] J 2 2 2 1 1 1 1 2 ! i i o 6 , 2 ° ]2 
27 1 2 2 1 2 2 2 0 1 1 1 2 1 ! o 1 7 1 2 0 0 1 
28 1 ! 1 J o ? 0 ？ ! n ] 1 1 2 1 ° ° ° 4 1 2 0 0 31 
29 1 1 0 1 1 1 1 1 ； J ? ^ J ' ； ° ； 2 0 0 0 0 6 .1 2 0 1 32 
31 1 1 ! ! 1 ! , 1 1 ^ 1 ! ! 2 2 1 1 M 1 0 1 0 6 1 2 0 1 39 
32 0 M ‘ ‘‘ M
 1
 !
 1 1 2
 ^ ^ 0 7 1 ^ 3 2 48 
33 1 ! J ； 2 j 2 2 0 1 0 1 , 2 1 1 i i 7 1 2 3 ^ “ 
34 1 ! i ! ! 00 1 ? n ! 1 ^  °
 1 1
 1 0 0 d 6 . 1 2 ^  2 42 
3 5 j ； ] n I n n l 1 1 1 0 2 2 1 0 1 1 i ^ 1.1 0 0 3 1 2 2 2 34 
36 0 1 1 1 ^ 1 1 1 1 ^ ；；； 1 0 0 0 ^ 0 0 0 1 4 1 1 3 2 32 
3B , ! . ； ’ ； ； ； ] ： , 1 2 1 1 1 0 0 0 0 0 0 0 0 1 4 0 2 0 0 24 
39 1 1 ； ！ ： ！ 1 2 2 1 1 2 2 1 1 1 1 2 0 1 0 0 7 1 2 0 1' 40 
1
 V
 1 1 1 1 1 1 1 0 2 2
 “‘ 2 2 2 2 1 1 1 2 ！ i ！ 0 5 1 2 3 2 45 
* 丁 : Denotes t o t a l s co r e of each s t u d e n t . , . . 
' • 1 - . X 
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